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This paper investigates the problem of ensuring the stability of an uncertain system using the unsymmetric Lyapunov
function for the two-dimensional discrete system as represented by the Roesser model using the LMI approach. By
employing a two-dimensional unsymmetric Lyapunov function, novel LMIs have been developed to ensure stability. The
key finding of the present investigation is employing an unsymmetrical Lyapunov matrix for ensuring the stability of a two-
dimensional discrete Roesser model, which is a more generalized approach to guarantee the stability of any system. This
address the issues of norm-bounded parameter uncertainties, calculate the cost function using an unsymmetric Lyapunov
function, and finally design the guaranteed cost controller via a static state feedback technique that not only ascertains the
stability of the system but also guarantees an adequate level of performance. The advantages of this newly proposed
technique are that it is LMI solvable and numerically tractable. The stability criteria have been checked and ensured based
on newly developed stability conditions by considering several examples demonstrating the results effectiveness and
supremacy over the previously reported techniques.
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Introduction

In recent years, there has been unprecedented
growth in studying (2-D) two-dimensional discrete
systems. One fundamental characteristic of these
systems is information propagation in two distinct and
independent directions."” Further to mention that
these systems play a vital role in many distinct fields,
including multidimensional digital filtering, signal
processing, process control, linear image processing,
iterative learning control, and repetitive process
control.>™® Due to all these aforementioned reasons,
the analysis of various two-dimensional discrete
systems has been extensively investigated for various
new applications.

The stability analysis of these 2-D systems
has gained a lot of attention nowadays as many
factors affect the stability of these systems,
due to which these two-dimensional discrete
systems may lead to poor performance. Therefore, a
significant investigation has been carried out
regarding the stability analysis of these 2-D
discrete linear,"*° as well as non-linear systems.” "'
There are various 2-D discrete models named
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FM first and second model,'*!* Kurek model'* and
Roesser model. "

Literature Review

Robust control theory aims to design control
systems insensitive to uncertainties and disturbances
in the system's dynamics. As it is known, many real-
world practical applications may be prone to be
affected by uncertainties, which may lead to the poor
performance of the system."'® Recent research in the
field of medical science also advocates the use of
image processing-based algorithms and tools.
Recently, most of the study and investigation has been
carried out on applications and studies based on
image processing and Computer Vision.'” One of the
popular 2-D discrete models which is mostly used in
image processing applications is the Roesser model."”
The 2-D Roesser model has been the subject of
extensive research in recent years, focusing on its
robustness properties.’ The Roesser model consists of
two state variables, which can be interpreted as the
values of the system at different spatial and temporal
locations. It is a linear model, which makes it
relatively easy to analyze and design controllers.
Therefore, this research article is based on the
stability analysis of this 2-D discrete Roesser model.
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Most of the reported work related to the stability
analysis for this model has been carried out using the
symmetric Lyapunov matrix function.'””

It has been observed that if the stability analysis
using the symmetric Lyapunov function fails to
ensure the stability of the systems, then the stability
analysis of such systems can also be as certained
using the unsymmetrical Lyapunov function."® So,
the unsymmetrical Lyapunov function gives a more
generalized way of ensuring the stability of any
system, and many relevant areas of 2-D discrete
systems advocate the usage of such a generalized
Lyapunov. To the best of the author's knowledge,
until now, nobody has investigated the stability
analysis for this model using the unsymmetrical
Lyapunov function due to the computational
complexity, and this motivated to carry out this
work. In this paper has tried to ensure the stability of
an uncertain 2-D discrete Roesser model using the
unsymmetrical Lyapunov function and designing a
guaranteed cost controller using the same.

The unsymmetric Lyapunov function gives a
more generalized and wider way of ensuring
the stability of the 2-D system under consideration,
as claimed." Recently, the system performance
has been investigated using the GCC (guaranteed
cost control) approach. GCC approach minimizes
an upper bound on a quadratic cost function and
takes care that the specific upper bound of the cost
function will never exceed a particular value for all
admissible uncertainties, so if this use this approach to
develop a GCC-based controller for an uncertain
2-D Roesser model,' then this may help us in not
only ensuring the stability but it also in doing
the robustness analysis using this more generalized
approach which may lead to improved system
performance.

This paper aimed to design a guaranteed cost
controller using an unsymmetrical Lyapunov function
for a 2-D discrete Roesser model. The idea is to find a
set of design parameters that guarantees the
asymptotic stability of the closed-loop system. This
formulation is transformed into an LMI problem,
enabling efficient solutions through various numerical
optimization techniques.

Materials and Methods

Let us contemplate a Roesser Model describing a
two-dimensional discrete linear system that is subject
to uncertainty.

Xb(k, 1+ 1] _
XU (k+1,D]
A1 A Agg h
Ajy Ajs Agg|t+AA [ii%’:’?b
A7 Ag Agg ok, )
% Xo (k1)
Biy
Biz|+ AB |u(k, D) ... (D
Biz
B

where, XB(k,1) € R, XV (k1) € R™are horizontal
state vector and  vertical state vector,
respectivelyw(k, 1) € R*Correspond to the system's
dimensions. A represents a constant matrix of known
values that the nominal plant and has dimensions of

+ + .
R(n mX(n m). The matrices AA and AB are
associated with parameter uncertainties under the
assumption that they have a specific form.

[AA AB] =LF(k D[MM,] Q)

The matrices L, M;, and M, are known parameters
that represent the structural uncertainties in the

system, with dimensions (R(n+m)xg,RbX(n+m)), and
beq, respectively. On the other hand, the matrix

F(k, 1) € Rgxb Represents the unknown parameter
uncertainty and fulfils a specific condition.

FTF <1 .. 3)

The uncertainties in Eqs (2) and (3) are widely
used to filter and design robust control for uncertain
systems, making it acceptable to use Eq. (3) without
loss of generality. If the system Eq. (2) has a finite set
of initial conditions, then there exist two positive
integers, denoted as r; and 1,, that satisfy the
following conditions.'

X2(k,0) =0,k >1;X2(0,) =0,l>1, .. (®

and the initial condition is arbitrary but belong

S ={X5(k,0),X2(0,j): X2(k,0) = ZNy,

X2(0,0), ZNy, NIN, < 1,k = 1,2,3} .. (5)
The structure of initial conditions similar to that in

Eq. (4) has been widely used. Note that by selecting Z

appropriately, which is a known matrix, it is always

possible to restrict the vector. N/ N; < 1 (t = 1,2,3)
to N, (t = 1,2,3). This implies that choosing initial
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conditions in the form of Eq. (5) does not result in any
loss of generality.

The uncertain system Eq. (1) is associated with a
cost function

}=Zlio 7Tk DRu(k, D)

=0

+ Z X7 (k, DW,
k=0 =0

.. (6)
In this context, T represents the transpose
operation. And0<R=RT € quq, o<W, =

T € R(n+m) X (n+m)

Definition 1. Consider the uncertain system (1) is
examined as quadratically stable, which is a block-
diagonal matrix.

P 0 =(P+PT

Pe:Peh6P9v2[0 pv _929)>0 .. (7)
o

where, PP € R™™ and PY € R"*™ such that

T
F=@A+ARMT (u) (A+AR)

_(Pe+_PeT)>0 L (8)

2

Corollary 1. Given the PDSM (positive definite
symmetric matrices) Wy, € R™" and W; € R™"
with ~ Wy, +W;, =L, D L,, system (1) is
asymptotically stable if there exists a PDSM P, =

T 1 . .
P, / 2p, /2 € R™™" not necessarily symmetric, such

that
” P, +P (P +2P ) 0 ]

Q= II PotP," ; PotP," %I
[t 0 (), ()]
-P"A

AP
(Pe"'PeT) >0 ... 9
2

Lemma 1.Given matrices A € R™" H e R™K E e
R and Q = QT € R™™. In that case, there exists a
positive definite matrix. P, to satisfy the equation
below

[A+ A+ HFE|"TR[A+HFE]—Q <0 ...(10)

[A+HFE]T(P9+2—P"T)[A+HFE]—Q>0 L.

In the following condition, a scalar € > 0 exists if
and only if the following condition holds for all F
satisfying. FTF < I

(Bt )+ eHHT A
AT e 'ETE - Q
Subsequently, the aim is to establish a connection
between the existence of a quadratic guaranteed cost

control matrix and a quadratic stability analysis of the
system.

>0 ... (12)

Definition 2.To ensure robust stability for the
uncertain system Eq. (1), the cost function Eq. (6) is
designed with a quadratic cost function

M= (A+aA)7 (2 )(A+AA) - (P*Z—PT) +
Wy <0 - (13)

The following condition holds for all values of
[|F(k, D)||. That is less than or equal to 1.

where W is a positive definite matrix that satisfies
the property of being symmetric W, = W

Lemma 2. A state space model (1) holds for an
uncertain system that represents the existence of a
quadratic guaranteed cost control matrix, which is
associated with initial condition and cost function,
respectively Egs. (5) and (6). denoted by P, = PT =
diag{ P, P’} = (PBZ—PBT) > 0, The control system is
considered robust and stable if it encounters the two
important criteria:

(1) Quadratic stability, meaning that a positive-
definite quadratic Lyapunov function can prove
the stability of the closed-loop system.

(i) The cost function remains bounded in the
presence of uncertainties, which are achieved
through an appropriate feedback control design
that compensates for the uncertainties.

< [(21 1) npay (MT (ﬂ) M) +
(93 = 1) *max (MT (“TPT) M)] .. (14)

where, X4, Denotes the maximum eigenvalue.
Proof: It can be verified that system formation (1)
can be directly deduced from definitions 1 and 2. To

prove this, utilized a quadratic two-dimensional
Lyapunov matrix [1].
AV (X, (k, 1)) = XI (k, DP X (K, 1) . (15)
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This denoteAV (X,(k,l))as the variation of the
Lyapunov  function concerning the uncertain
parameters X, (k, ).

Xb(k,1 + 1) ) v [Xé'(k, l)]
Xg(k +1,0) X¥(k, 1)
Xo(k,1)

.. (16)

AV (X, (kD) =v ([

Eq. (8) takes the form in view of Eq. (1):
AV (Xo(k, 1) = XTI (k, DFX,(k, 1) ..(17)

where, F is defined in Eq. (8). As the matrix P, is
quadratic and provides a guaranteed cost, this can
infer from definition 2 that is given by

XTIk, D+ W)X, (k, 1) <0 ... (18)
From (17) and (18), this obtain
AV (kD + Xk, DW X, (k, 1) <0 ... (19)

Summing over up (16) over k,l = 0 — oo yields

Jo, < —Z AV (k, 1)
k=0

=0

Furthermore, this can establish positive integers
£, > 0,%, > t the following hold

£, 25
Z AV (k1)
k=04&=i=0
)
2
ph hT

2
—xb"(0,D (P}]TP> Xh(o, l)l

+Zk O[X” (k, 2,

+1) <+—P> XP(k, £, + 1)

>X”(k 0)]

Xt (4

+1,D Xh(e,+1,D

PY + P,
. "(k,0) (T
And

€1 fz
—Z AV (k1)
k=0 =0
42
-2y
PR+ PP
+1,0) <T>X“({’1 +1,0)

PP+ B
—xh0,0) (T xho,0

xh e,

6 Py + PR
- E . [ng(k,ez +1) <T) XV(k, £, + 1)
=0

Pv PvT
—x¥"(k,0) (—2 )X;’(k, 0)]

2 PP+ PP
<), XD (T x200,0
=0

{ Pv Pv
w3 x0T 0) [T ) xrk, 0)
k=0 2

21-1 o Ph
Szz RGO (T>xh(o 0
+Zk X " (k,0) <—

< (91— 1) *pax <MT <%>M> +(92 —

1) N max (M T <P9 e )M ) ... (20)

)X”(k 0)

From Eq. (19) and Eq. (20) this have

< (@1 = D xmae (207 (B22) 20) +

( — 1) o (7 (222 0] @D

To prove this, this has utilized Eqs (21), (4), and
(5), along with the fact that the limit of
lim e Xo(k, 1) = 0 approaches zero as k+1
approaches infinity; with this, this have completed
the proof.

Lemma 3, Suppose this have real matrices M, L and
Q of appropriate dimensions, where M = MT and
Q = QT > 0, then

1/ . Q! L ]
L Q_l] < 0 or equivalently [ T <0,
Ifand only if Q < 0,M — LQ™ LT < 0, ... (22)

In the view of the Schur complement Eq. (22) is
the same as Eq. (9).

Theorem 1'%, If there exist matrices P and P} of
appropriate dimension, not necessarily symmetric,
such that P, can be expressed as the direct sum of P!
and PY, then the system (1) exhibits asymptotic
stability.

)
wh ()

Theorem 2. For a positive scalar, the system (5) with
zero initial conditions has a guaranteed cost function

>0 .. (23)
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fo,, if there existsa symmetric matrix S> 0, and

matrixP, not necessarily symmetric, such that the
following LMI holds:

—S AS L 0 0 7

1

SAT  —Ss 0 sSM] sw?
LT 0 —-I 0 0 |[<o .. (24)
o MS 0 -—I 0
T
[ 0 W?S 0O 0 —el |
and the cost function satisfies the bound.
91~1 Ph+PT
<Z Xk (0,) (%)Xé“(o,l)
=0
921 Py + P
+z x¥" (k,0) (%)X:(k.m
k=0
... (25)

Proof: By utilizing equations (3), Lemma 1, and (12),
it is possible to reorganize the expressions as follows:

T
(i) + eHHT A
z >
T
AT e MMy — (B220) 1w
0...(20)
Pre- and post-multiplying (26) by the matrix
1
gz] 0 @7
1 7\—1
0 A
where,
T
e=5p, =5 (22") .. (28)

The equivalence between Eq. (24) and (22) can be
casily deduced from the Schur complements.
Additionally, the cost function in Eq. (25) bound can
be readily obtained using Eq. (24), as shown.

Remarks 1. It is important to note that the matrix
inequality (24) is a linear function with respect to the
variables S, U and «.

Robust Guaranteed Cost Control Via Static State Feedback

This section aims to determine SSF (static-state
feedback) w(k,1) = KX, (k,1). For the system Eq. (1)
and cost function Eq. (6), the feedback should ensure
that the closed-loop system is asymptotically stable and
that the closed-loop cost function does not exceed a
specific upper bound.

Xb(k, 1+ 1] _ X5k, D)
[X;’(k+1,l) =(A+AA+ KB+ KAB) X0k D) ... (29

Moreover, the cost function Eq. (6) simplifies to:
j=> XE (e, DW, X, (K, )

k=04&=d]=0
... (30)

where,
W, =W, + KTRK ..(3D)
satisfies } < }* where }* is some specified constant.
Yo, = Zkeo XizoXe (e, DW  Xo(k, D) .. (3D

Remarks 2. A control law u(k, 1) is called a guaranteed

cost control law for the uncertain system (2.1) if it

satisfies two vital conditions:

(1) Ensuring asymptotic stability for the closed-loop
system (26) across all admissible uncertainties.

(2) The closed-loop value of the cost function (27)
isf < }*. The scalar value }* is referred to as the
guaranteed cost.

Definition 3: If there exists a positive definite
symmetric matrix (PDSM) W,, as defined by equation
(29), such that the state feedback controller ¢(k, )
satisfies the quadratic guaranteed cost control for the
system (29) and cost function (30) associated with the
cost matrix

T
[A+AA+KB+KAB]T(%)[A+AA+KB+

Po+P,T

KaB] - (2222) 4w, > 0 .. (32)

for all ||F(k,1)|| < 1 For every value of F(k, [) such
that ||F (k, )| is less than or equal to 1.

Theorem 3. For a positive scalar € and a matrix U of
m X n dimension with zero initial conditions, there
exists a matrix P, not necessarily symmetric such that
the following LMI Holds

-S A, L 0 0 0
_T — 1 1
A, =S 0 D SW? UTR:
I 0 -1 0 0 0

—T <0

0 D 0 -1 0 0 - (33)

0 WS 0 0 —e 0

T
L0 R2U 0 O 0 —&l

then, there exists a static state controller of the form
w(k,l) = KX,(k,1) that solves the robust cost control
problem.



104 JSCIIND RES VOL 84 JANUARY 2025

where,

P +R"

= diag {Sh, 5"} > 0,
A, = AS+BU,D, = SMT +UTM].
In this situation, a suitable control law is given by

K =US™! which ensures the guaranteed cost.
Moreover, the cost function (21) satisfies the bound.

— 1) M ppax (MTSET'M

j<g| @7D max N ) ] . (34)

+(22 -1) Nmax (MTSV M)
Optimization problem
Minimize (9, + 9,8)

(33)

—al MT]
s.t. M Sh .. (35)

e

M SY

Remarks 3. The linearity of variables S,U ande in
matrix inequality Eq. (33) carried out the use of the
MATLAB robust control toolbox to determine if a
static-state feedback controller exists and to obtain the
least upper bound on the guaranteed cost. The upper
bound of the closed loop cost function is evidently
influenced by the selection of the guaranteed cost
controllers.'**

The aforementioned inequality, together with Eq.
(35), leads to the conclusion that the uncertain free
system is asymptotically stable under all admissible
uncertainties, according to Lemma 1.

Results and Discussion

This has provided the mathematical approach to
analyze the asymptotic stability of 2-D Roesser
models in various circumstances.

Example 4.1 Let us now concentrate on such a
two-dimensional discrete Roesser model specified by
the uncertain system Eq. (1)

0 4 0 0 1
A=|-02 0.7 0 ],BZ[OI,LZ[OI,
0 0 0.01 1 0
0.0025 0.0084 0
W = [0.0084— 0.0025 0 ]
0 0 0.0044
My=[0 1 —1,M,=0
R = 020,21 =9, = 1.

The eigenvalues of matrix A determine the stability
of the system. When all of A eigenvalues lie within

the complex plane's unit circle, the system is
asymptotically stable. If any of the eigenvalues are
beyond the unit circle, it is expressed as follows®'

Im—Z,A,  —Z,A
N(2,2,) = det[ —Z,Ay Ly —Z,A,l

1 -4z 0
N(2,.2,) = det|0.22, 03Z, 0

0 0 1-001Z

=0.3Z,(1 - 0.1Z,) + 4Z,(0.2Z, — 0.002Z,Z,)

Then, the state space model is asymptotically stable
if and only if

N (zl,zz) + Ofor all (zl,zz) € U2 ... (36)

where, U? ={(Z1,Z,):1Z,1 <1,1Z,] <1},Z is a
complex number and I = I;, @ I,, denote the identity
matrix. It is seen that Eq. (36) violated (choose, for
instance, Z; = 094, Z, =98/3426), for the
characteristic polynomial. The system is considered
unstable if any of the eigenvalues have a magnitude
exceeding 1. Conversely, if all the eigenvalues
possess magnitudes that are less than or equal to 1, the
system is observed as asymptotically stable.

From the outcome, the analyzed system does not
exhibit 2-D asymptotic stability”’. The objective is to
create an optimal controller with a guaranteed cost for
this system. For this specific scenario, this were able
to determine through the use of the LMI Toolbox in
MATLAB*'* that it is feasible to solve the
optimization problem presented in Eq. (35).

Using the MATLAB robust control toolbox gives
tmin = —5.7076 X 10™* which is negative. This
negative value suggests that the system is feasible.
The optimal solutions for this problem are as follows:

3.2829 0.2978 0
S= [0.1514 0.1261 0 |
0 0 0.1172
U=[1.7151x10"% 0.0381 4.4093 x 10~°]
e =0.0673,a = 0.0032,5 = 0.0853

The controller that provides the optimal guaranteed
cost for this system, as per Theorem 3, is given by
w(k,l) =[-0.015 0.3119 —0.034]X,(k, 1)

Furthermore, the least upper bound for the
associated closed-loop cost function is }* = 5.5601 X
1075.

In an open-loop response, a system reacts to a
control input applied directly without any feedback to
adjust based on its output. This type of response in Fig.
1 an unstable system typically shows divergence,



PANDIYA et al.: OPTIMAL ROBUST CONTROLLER FOR A 2-D DISCRETE SYSTEM 105

indicating increasing instability. Conversely, a closed-
loop response involves feedback control in Fig. 2
where the control input is adjusted based on the
system's output. For a stable system, this response
shows convergence to a steady state, demonstrating
stability.

Example 4.2 Let us now concentrate on such a 2-D
discrete Roesser model specified by the uncertain
system Eq. (1)

—-1.01 -0.22 0.50 0.10 1
A=]060 -450 0.01|,B=1]0.20[,L=]0
0.70 —2.20 0.10 0.10 0

0.0025 0.0064 0
W = [0.0064— 0.0025 0 ]
0 0 0.0020

My=[0 0 —-1]M,=0,Z=
R=0.259,=9,=2

Using the MATLAB robust control toolbox gives
tmin = —0.0163, which is negative. Based on the
current example, this has determined that the
optimization problem can be feasibly solved. The
optimal solutions for this problem are as follows:

0.1,

400

200

Amplitude

2

5
Sfafe 10

qe ©

Fig. 1 — Open-loop response of a stable system

40

20

Amplitude

0
3

5

2
S
Ve 10 e

)

Fig. 2 — Closed-loop response of a stable system

197 350 0
§=1095 235 0 |
0 0 0.65

U=[1191 3493 -213]
e =338.8,a = 0.00658 = 0.0154

The controller that provides the optimal guaranteed
cost for this system, as per Theorem 3, is given by

u(k,1) =[-459 21.6 -3.26]X,(k, 1)

Furthermore, the least upper bound for the
associated closed-loop cost function is}* = 0.1025

In the context of a 2-D uncertain Roesser model, an
unsymmetric Lyapunov matrix can be used to
establish stability conditions, which can be expressed
in the form of LMIs. This feature facilitates traceable
mathematical manipulation, allowing it to be solved
using MATLAB robust control toolbox*'*, as the
lothisr values of the cost function indicate better
performance. A numerical example has been included
to illustrate the effectiveness of the current technique
in order to establish its authenticity.

Conclusions

In this paper, this presented a novel LMI-based
approach for designing an optimal guaranteed cost
control via a static-state feedback controller for
uncertain two-dimensional discrete systems using
the Roesser model. By utilizing an unsymmetrical
Lyapunov matrix, this has derived a new form of
LMI. The paper has established LMI-based sufficient
conditions for the existence of a guaranteed cost
controller. An optimal GCC controller has been
designed based on the solution of a convex
optimization problem. This controller not only
ensures the asymptotic stability of the system but
also achieves an optimized level of better cost
function. The results obtained from several
illustrative examples demonstrated the superiority of
the proposed approach using an unsymmetrical
Lyapunov matrix in achieving the optimized cost
function. Future work focuses on extending this
approach to more complex system configurations
or exploring its applicability in robust stability
analysis of two-dimensional non-linear digital filters
appears to represent an interesting and challenging
subject.
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