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This paper investigates the problem of ensuring the stability of an uncertain system using the unsymmetric Lyapunov 
function for the two-dimensional discrete system as represented by the Roesser model using the LMI approach. By 
employing a two-dimensional unsymmetric Lyapunov function, novel LMIs have been developed to ensure stability. The 
key finding of the present investigation is employing an unsymmetrical Lyapunov matrix for ensuring the stability of a two-
dimensional discrete Roesser model, which is a more generalized approach to guarantee the stability of any system. This 
address the issues of norm-bounded parameter uncertainties, calculate the cost function using an unsymmetric Lyapunov 
function, and finally design the guaranteed cost controller via a static state feedback technique that not only ascertains the 
stability of the system but also guarantees an adequate level of performance. The advantages of this newly proposed 
technique are that it is LMI solvable and numerically tractable. The stability criteria have been checked and ensured based 
on newly developed stability conditions by considering several examples demonstrating the results effectiveness and 
supremacy over the previously reported techniques. 

Keywords:  Guaranteed cost control, Linear matix inequality, Robust analysis, Static state feedback, Unsymmetric 
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Introduction  
In recent years, there has been unprecedented 

growth in studying (2-D) two-dimensional discrete 
systems. One fundamental characteristic of these 
systems is information propagation in two distinct and 
independent directions.1,2 Further to mention that 
these systems play a vital role in many distinct fields, 
including multidimensional digital filtering, signal 
processing, process control, linear image processing, 
iterative learning control, and repetitive process 
control.3–8 Due to all these aforementioned reasons, 
the analysis of various two-dimensional discrete 
systems has been extensively investigated for various 
new applications. 

The stability analysis of these 2-D systems 
has gained a lot of attention nowadays as many 
factors affect the stability of these systems, 
due to which these two-dimensional discrete 
systems may lead to poor performance. Therefore, a 
significant investigation has been carried out 
regarding the stability analysis of these 2-D 
discrete linear,1,4–6 as well as non-linear systems.9–11 
There are various 2-D discrete models named 

FM first and second model,12,13 Kurek model14 and 
Roesser model.15

Literature Review 
Robust control theory aims to design control 

systems insensitive to uncertainties and disturbances 
in the system's dynamics. As it is known, many real-
world practical applications may be prone to be 
affected by uncertainties, which may lead to the poor 
performance of the system.1,16 Recent research in the 
field of medical science also advocates the use of 
image processing-based algorithms and tools. 
Recently, most of the study and investigation has been 
carried out on applications and studies based on 
image processing and Computer Vision.17 One of the 
popular 2-D discrete models which is mostly used in 
image processing applications is the Roesser model.15 
The 2-D Roesser model has been the subject of 
extensive research in recent years, focusing on its 
robustness properties.3 The Roesser model consists of 
two state variables, which can be interpreted as the 
values of the system at different spatial and temporal 
locations. It is a linear model, which makes it 
relatively easy to analyze and design controllers. 
Therefore, this research article is based on the 
stability analysis of this 2-D discrete Roesser model. 

—————— 
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Most of the reported work related to the stability 
analysis for this model has been carried out using the 
symmetric Lyapunov matrix function.1,3,5 

It has been observed that if the stability analysis 
using the symmetric Lyapunov function fails to 
ensure the stability of the systems, then the stability 
analysis of such systems can also be as certained 
using the unsymmetrical Lyapunov function.18 So, 
the unsymmetrical Lyapunov function gives a more 
generalized way of ensuring the stability of any 
system, and many relevant areas of 2-D discrete 
systems advocate the usage of such a generalized 
Lyapunov. To the best of the author's knowledge, 
until now, nobody has investigated the stability 
analysis for this model using the unsymmetrical 
Lyapunov function due to the computational 
complexity, and this motivated to carry out this 
work. In this paper has tried to ensure the stability of 
an uncertain 2-D discrete Roesser model using the 
unsymmetrical Lyapunov function and designing a 
guaranteed cost controller using the same. 

The unsymmetric Lyapunov function gives a  
more generalized and wider way of ensuring  
the stability of the 2-D system under consideration,  
as claimed.18 Recently, the system performance  
has been investigated using the GCC (guaranteed  
cost control) approach. GCC approach minimizes  
an upper bound on a quadratic cost function and  
takes care that the specific upper bound of the cost 
function will never exceed a particular value for all 
admissible uncertainties, so if this use this approach to 
develop a GCC-based controller for an uncertain  
2-D Roesser model,1 then this may help us in not  
only ensuring the stability but it also in doing  
the robustness analysis using this more generalized 
approach which may lead to improved system 
performance. 

This paper aimed to design a guaranteed cost 
controller using an unsymmetrical Lyapunov function 
for a 2-D discrete Roesser model. The idea is to find a 
set of design parameters that guarantees the 
asymptotic stability of the closed-loop system. This 
formulation is transformed into an LMI problem, 
enabling efficient solutions through various numerical 
optimization techniques. 
 
Materials and Methods 

Let us contemplate a Roesser Model describing a 
two-dimensional discrete linear system that is subject 
to uncertainty. 
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where, 𝚇өҺሺ𝑘, 𝑙ሻ  ∈  ℟
𝔫
, 𝚇ө௩ሺ𝑘, 𝑙ሻ ∈  ℟

𝔪
are horizontal 

state vector and vertical state vector, 
respectively𝓊ሺ𝑘, 𝑙ሻ ∈  ℟

𝔮
Correspond to the system's 

dimensions. 𝙰 represents a constant matrix of known 
values that the nominal plant and has dimensions of 

℟
ሺ𝔫ା𝔪ሻൈሺ𝔫ା𝔪ሻ

. The matrices △ 𝙰 and △ 𝙱 are 
associated with parameter uncertainties under the 
assumption that they have a specific form. 

 

ሾ△ 𝙰 △ 𝙱ሿ ൌ 𝐿 𝐹ሺ𝑘, 𝑙ሻሾ𝑀ଵ𝑀ଶሿ               … (2) 
 

The matrices 𝐿, 𝑀ଵ, and 𝑀ଶ are known parameters 
that represent the structural uncertainties in the 

system, with dimensions ( ℟
ሺ𝔫ା𝔪ሻൈ𝔤

,℟
𝔥ൈሺ𝔫ା𝔪ሻ

), and 

 ℟
𝔥ൈ𝔮

, respectively. On the other hand, the matrix 

𝐹ሺ𝑘, 𝑙ሻ ∈  ℟
𝔤ൈ𝔥

 Represents the unknown parameter 
uncertainty and fulfils a specific condition. 

 

𝐹்𝐹 ൑ 𝐼                 … (3) 
 

The uncertainties in Eqs (2) and (3) are widely 
used to filter and design robust control for uncertain 
systems, making it acceptable to use Eq. (3) without 
loss of generality. If the system Eq. (2) has a finite set 
of initial conditions, then there exist two positive 
integers, denoted as 𝔯ଵ and 𝔯ଶ, that satisfy the 
following conditions.1 

 

 𝑋өҺሺ𝑘, 0ሻ ൌ 0, 𝑘 ൒ 𝔯ଵ;𝑋ө௩ሺ0, 𝑙ሻ ൌ 0, 𝑙 ൒ 𝔯ଶ         … (4) 
 

and the initial condition is arbitrary but belong 
 

𝑆 ൌ ሼ𝑋өҺሺ𝑘, 0ሻ,𝑋ө௩ሺ0, 𝑗ሻ:𝑋өҺሺ𝑘, 0ሻ ൌ 𝑍𝑁ଵ, 
𝑋ө௩ሺ0, 𝑙ሻ,𝑍𝑁ଶ,𝑁௞

்𝑁௞ ൏ 1, 𝑘 ൌ 1,2,3ൟ             … (5) 
 

The structure of initial conditions similar to that in 
Eq. (4) has been widely used. Note that by selecting 𝑍 
appropriately, which is a known matrix, it is always 
possible to restrict the vector. 𝑁௜

்𝑁௜ ൏ 1 (𝑡 ൌ 1,2,3ሻ 
to 𝑁௞ (𝑡 ൌ 1,2,3ሻ. This implies that choosing initial 
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conditions in the form of Eq. (5) does not result in any 
loss of generality. 

The uncertain system Eq. (1) is associated with a 
cost function 
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Definition 1. Consider the uncertain system (1) is 
examined as quadratically stable, which is a block-
diagonal matrix. 
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where, 𝛲өҺ ∈  ℟𝔫ൈ𝔫 and 𝛲ө୴ ∈ ℟𝓂ൈ𝓂 such that 
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Corollary 1. Given the PDSM (positive definite 
symmetric matrices) W଴భ ∈  ℟𝔫ൈ𝔫 and Wଵబ ∈  ℟𝔫ൈ𝔫 
with 𝑊଴భ ൅𝑊ଵబ ൌ 𝐼௠ ⊕ 𝐼௡, system (1) is 
asymptotically stable if there exists a PDSM 𝜬ө = 
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Lemma 1.Given matrices 𝙰 ∈ ℟𝔫ൈ𝔫, H ∈ ℟𝔫ൈ୩,Ȇ ∈
℟ℓൈ𝔫 and Q ൌ Q୘ ∈ ℟𝔫ൈ𝔫. In that case, there exists a 
positive definite matrix. Ρө to satisfy the equation 
below  
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ሾ𝙰 ൅ 𝐻 𝐹𝐸ሿ் ቀ
௿өା௿ө

೅

ଶ
ቁ ሾ𝙰 ൅ 𝐻 𝐹𝐸ሿ െ 𝑄 ൐ 0     … (11) 

In the following condition, a scalar ε ൐ 0 exists if 
and only if the following condition holds for all F 
satisfying. 𝐹்𝐹 ൑ 𝐼 
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Subsequently, the aim is to establish a connection 
between the existence of a quadratic guaranteed cost 
control matrix and a quadratic stability analysis of the 
system.  

 
Definition 2.To ensure robust stability for the 
uncertain system Eq. (1), the cost function Eq. (6) is 
designed with a quadratic cost function 
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The following condition holds for all values of 
‖𝐹ሺ𝑘, 𝑙ሻ‖. That is less than or equal to 1. 

where 𝑊ଵ is a positive definite matrix that satisfies 
the property of being symmetric 𝑊ଵ ൌ 𝑊ଵ

் 
 
Lemma 2. A state space model (1) holds for an 
uncertain system that represents the existence of a 
quadratic guaranteed cost control matrix, which is 
associated with initial condition and cost function, 
respectively Eqs. (5) and (6). denoted by 𝛲ө ൌ 𝛲ө் ൌ

 𝑑𝑖𝑎𝑔ሼ 𝛲өҺ,𝛲ө௩ሽ ൌ ቀ௿өା௿ө
೅

ଶ
ቁ ൐ 0, The control system is 

considered robust and stable if it encounters the two 
important criteria:  
(i) Quadratic stability, meaning that a positive-

definite quadratic Lyapunov function can prove 
the stability of the closed-loop system. 

(ii) The cost function remains bounded in the 
presence of uncertainties, which are achieved 
through an appropriate feedback control design 
that compensates for the uncertainties. 
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where, ⋋௠௔௫ Denotes the maximum eigenvalue. 
Proof: It can be verified that system formation (1) 

can be directly deduced from definitions 1 and 2. To 
prove this, utilized a quadratic two-dimensional 
Lyapunov matrix [1]. 

 

△∨ ሺ𝑋өሺ𝑘, 𝑙ሻሻ ൌ 𝑋ө்ሺ𝑘, 𝑙ሻ𝛲ө𝑋өሺ𝑘, 𝑙ሻ            … (15) 
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This denote△∨ ሺ𝑋өሺ𝑘, 𝑙ሻሻas the variation of the 
Lyapunov function concerning the uncertain 
parameters 𝑋өሺ𝑘, 𝑙ሻ. 
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Eq. (8) takes the form in view of Eq. (1): 
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where, Ⱶ is defined in Eq. (8). As the matrix 𝛲ө is 
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From Eq. (19) and Eq. (20) this have 
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To prove this, this has utilized Eqs (21), (4), and 
(5), along with the fact that the limit of 
lim୧ା୨→ஶ Xөሺ𝑘, 𝑙ሻ ൌ 0 approaches zero as 𝑘 ൅ 𝑙 
approaches infinity; with this, this have completed  
the proof. 
 

Lemma 3(1). Suppose this have real matrices M, L and 
Q of appropriate dimensions, where M ൌ M୘ and 
Q ൌ Q୘ ൐ 0, then 
 

൤𝑀 𝐿்

𝐿 𝑄ିଵ
൨ ൏ 0 or equivalently ൤𝑄

ିଵ 𝐿
𝐿் ℳ

൨ ൏ 0, 
 

If and only if 𝑄 ൏ 0,𝑀 െ 𝐿𝑄ିଵ𝐿் ൏ 0,            … (22) 
 

In the view of the Schur complement Eq. (22) is 
the same as Eq. (9). 
 

Theorem 1(18). If there exist matrices ΡөҺ and Ρө୴ of 
appropriate dimension, not necessarily symmetric, 
such that Ρө can be expressed as the direct sum of ΡөҺ 
and Ρө୴, then the system (1) exhibits asymptotic 
stability. 

቎
ቀ௿өା௿ө

೅

ଶ
ቁ െ𝐴்𝛲ө

െ𝑃ө
்𝐴 ቀ௿өା௿ө

೅

ଶ
ቁ
቏ ൐ 0             … (23) 

 

Theorem 2. For a positive scalar, the system (5) with 
zero initial conditions has a guaranteed cost function 
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Ɉ଴భ , if there existsa symmetric matrix S ൐ 0, and 
matrixΡө not necessarily symmetric, such that the 
following LMI holds: 
 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
െ𝑆 𝙰𝑆 𝐿 0 0

𝑆𝙰் െ𝑆 0 𝑆𝑀ଵ
் 𝑆𝑊ଵ

భ
మ

𝐿் 0 െ𝐼 0 0
0 𝑀ଵ𝑆 0 െ𝐼 0

0 𝑊ଵ

೅
మ𝑆 0 0  െ𝜀𝐼⎦

⎥
⎥
⎥
⎥
⎥
⎤

൏ 0            … (24) 

 

and the cost function satisfies the bound. 
 

Ɉ଴భ

൏෍ 𝑋өҺ
೅
ሺ0, 𝑙ሻ ቆ

𝛲өҺ ൅ 𝛲ө்

2
ቇ𝑋өҺሺ0, 𝑙ሻ

ջభିଵ

௟ୀ଴

൅෍ 𝑋ө௩
೅
ሺ𝑘, 0ሻ ቆ

𝛲ө௩ ൅ 𝛲ө்

2
ቇ𝑋ө௩ሺ𝑘, 0ሻ

ջమିଵ

௞ୀ଴
 

… (25)  
 

Proof: By utilizing equations (3), Lemma 1, and (12), 
it is possible to reorganize the expressions as follows: 
 

቎
ቀ௿өା௿ө

೅

ଶ
ቁ ൅ 𝜀𝐻𝐻் 𝐴

𝐴் 𝜀ିଵ𝑀ଵ
்𝑀ଵ െ ቀ௿өା௿ө

೅

ଶ
ቁ ൅𝑊ଵ

቏ ൐

0 … (26) 
 

Pre- and post-multiplying (26) by the matrix 
 

቎
𝜀
భ
మ𝐼 0

0 𝜀
భ
మ ቀ௿өା௿ө

೅

ଶ
ቁ
ିଵ቏              … (27) 

 

where,  

𝜀 ൌ 𝑆𝑃௘ ൌ 𝑆 ቀ
௿өା௿ө

೅

ଶ
ቁ              … (28) 

 

The equivalence between Eq. (24) and (22) can be 
easily deduced from the Schur complements. 
Additionally, the cost function in Eq. (25) bound can 
be readily obtained using Eq. (24), as shown. 

 

Remarks 1. It is important to note that the matrix 
inequality (24) is a linear function with respect to the 
variables 𝑆,𝑈 and 𝜀. 
 
Robust Guaranteed Cost Control Via Static State Feedback 

This section aims to determine SSF (static-state 
feedback) 𝓊ሺ𝑘, 𝑙ሻ ൌ 𝐾𝑋өሺ𝑘, 𝑙ሻ. For the system Eq. (1) 
and cost function Eq. (6), the feedback should ensure 
that the closed-loop system is asymptotically stable and 
that the closed-loop cost function does not exceed a 
specific upper bound. 

൤
𝑋өҺሺ𝑘, 𝑙 ൅ 1ሻ
𝑋ө௩ሺ𝑘 ൅ 1, 𝑙ሻ

൨ ൌ ሺ𝙰 ൅ ⧍𝙰 ൅ 𝐾𝙱 ൅ 𝐾⧍𝙱ሻ ൤
𝑋өҺሺ𝑘, 𝑙ሻ
𝑋ө௩ሺ𝑘, 𝑙ሻ

൨       … (29) 
 

Moreover, the cost function Eq. (6) simplifies to: 
 

Ɉ ൌ ෍ ෍ 𝑋ө்
ஶ

௟ୀ଴

ஶ

௞ୀ଴
ሺ𝑘, 𝑙ሻ𝑊ଶ𝑋өሺ𝑘, 𝑙ሻ 

 … (30) 
where, 
𝑊ଶ ൌ 𝑊ଵ ൅ 𝐾்𝑅𝐾               ... (31) 
 

satisfies Ɉ ൑ Ɉ∗ where Ɉ∗ is some specified constant. 
 

Ɉ଴భ ൌ ∑ ∑ 𝑋ө்
ஶ
௟ୀ଴

ஶ
௞ୀ଴ ሺ𝑘, 𝑙ሻ𝑊ଵ𝑋өሺ𝑘, 𝑙ሻ             … (31) 

 

Remarks 2. A control law 𝑢ሺ𝑘, 𝑙ሻ is called a guaranteed 
cost control law for the uncertain system (2.1) if it 
satisfies two vital conditions:  
(1)  Ensuring asymptotic stability for the closed-loop 

system (26) across all admissible uncertainties. 
(2)  The closed-loop value of the cost function (27) 

isɈ ൑ Ɉ∗. The scalar value Ɉ∗ is referred to as the 
guaranteed cost. 

 

Definition 3: If there exists a positive definite 
symmetric matrix (PDSM) Wଶ, as defined by equation 
(29), such that the state feedback controller 𝓊ሺ𝑘, 𝑙ሻ 
satisfies the quadratic guaranteed cost control for the 
system (29) and cost function (30) associated with the 
cost matrix  
 

ሾ𝙰 ൅ ⧍𝙰 ൅ 𝐾𝙱 ൅ 𝐾⧍𝙱ሿ் ቀ
௿өା௿ө

೅

ଶ
ቁ ሾ𝙰 ൅ ⧍𝙰 ൅ 𝐾𝙱 ൅

 𝐾⧍𝙱ሿ െ  ቀ
௿өା௿ө

೅

ଶ
ቁ ൅𝑊ଶ ൐ 0              … (32) 

 

for all ‖𝐹ሺ𝑘, 𝑙ሻ‖ ൑ 1 For every value of 𝐹ሺ𝑘, 𝑙ሻ such 
that ‖𝐹ሺ𝑘, 𝑙ሻ‖ is less than or equal to 1. 
 
Theorem 3. For a positive scalar ε and a matrix 𝑈 of 
m ൈ n dimension with zero initial conditions, there 
exists a matrix 𝛲ө not necessarily symmetric such that 
the following LMI Holds 
 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
െ𝑆 𝙰ഥଵ 𝐿 0 0 0

𝙰ଵ
்

െ𝑆 0 𝐷ଵതതത 𝑆𝑊ଵ

భ
మ 𝑈்𝑅

భ
మ

𝐿் 0 െ𝐼 0 0 0
0 𝐷ଵതതത

்
0 െ𝐼 0 0

0 𝑊ଵ

೅
మ𝑆 0 0 െ𝜀𝐼 0

0 𝑅
೅
మ𝑈 0 0 0 െ𝜀𝐼 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

൏ 0      … (33) 

 

then, there exists a static state controller of the form 
𝓊ሺ𝑘, 𝑙ሻ ൌ 𝐾𝑋өሺ𝑘, 𝑙ሻ that solves the robust cost control 
problem. 
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where, 

𝑆 ൌ 𝜀𝛲өିଵ ൌ 𝜀 ቆ
𝛲ө ൅ 𝛲ө

்

2
ቇ ൌ diag ሼ𝑆Һ, 𝑆௩ሽ ൐ 0,  

𝙰ഥଵ ൌ  𝙰 𝑆 ൅ 𝙱𝑈തതതതതതതതതതതത,𝐷ଵതതത ൌ 𝑆𝑀ଵ
் ൅ 𝑈்𝑀ଶ

் . 
 

In this situation, a suitable control law is given by 
𝐾 ൌ 𝑈𝑆ିଵ which ensures the guaranteed cost. 
Moreover, the cost function (21) satisfies the bound.  
 

Ɉ ൏ 𝜀 ቈ
ሺջଵ െ 1ሻ ⋋௠௔௫ ൫𝑀்𝑆Һ

షభ
𝑀൯

൅ሺջଶ െ 1ሻ ⋋௠௔௫ ൫𝑀்𝑆௩
షభ
𝑀൯

቉             ... (34) 

 

Optimization problem 
Minimize (ջଵ𝛼 ൅ ջଶ𝛽ሻ 
 

𝑠. 𝑡.

⎩
⎪
⎨

⎪
⎧

ሺ33ሻ

൤െ𝛼𝐼 𝑀்

𝑀 𝑆Һ
൨

൤െ𝛽𝐼 𝑀்

𝑀 𝑆௩
൨

               ... (35) 

 
Remarks 3. The linearity of variables 𝑆,𝑈 and𝜀 in 
matrix inequality Eq. (33) carried out the use of the 
MATLAB robust control toolbox to determine if a 
static-state feedback controller exists and to obtain the 
least upper bound on the guaranteed cost. The upper 
bound of the closed loop cost function is evidently 
influenced by the selection of the guaranteed cost 
controllers.19,20 

The aforementioned inequality, together with Eq. 
(35), leads to the conclusion that the uncertain free 
system is asymptotically stable under all admissible 
uncertainties, according to Lemma 1. 
 
Results and Discussion 

This has provided the mathematical approach to 
analyze the asymptotic stability of 2-D Roesser 
models in various circumstances.  

Example 4.1 Let us now concentrate on such a 
two-dimensional discrete Roesser model specified by 
the uncertain system Eq. (1) 
 

𝙰 ൌ ൥
0 4 0

െ0.2 0.7 0
0 0 0.01

൩ ,𝙱 ൌ ൥
0
0
1
൩ , 𝐿 ൌ ൥

1
0
0
൩, 

𝑊 ൌ ൥
0.0025 0.0084 0
0.0084 0.0025 0

0 0 0.0044
൩ 

𝑀ଵ ൌ ሾ0 1 െ1ሿ,𝑀ଶ ൌ 0,𝑍 ൌ 0.1, 
𝑅 ൌ 0.20, ջଵ ൌ ջଶ ൌ 1. 
 

The eigenvalues of matrix 𝙰 determine the stability 
of the system. When all of 𝙰 eigenvalues lie within 

the complex plane's unit circle, the system is 
asymptotically stable. If any of the eigenvalues are 
beyond the unit circle, it is expressed as follows21 

 

𝑁 ቀ𝑍ଵ,𝑍ଶቁ ൌ 𝑑𝑒𝑡 ቈ
𝐼௠ െ 𝑍ଵ𝙰ଵ െ𝑍ଵ𝙰ଶ
െ𝑍ଶ𝙰ଷ 𝐼௡ െ 𝑍ଶ𝙰ସ

቉, 

𝑁 ቀ𝑍ଵ,𝑍ଶቁ ൌ 𝑑𝑒𝑡 ቎

1 െ4𝑍ଵ 0

0.2𝑍ଵ 0.3𝑍ଵ 0

0 0 1 െ 0.01𝑍ଶ

቏ 

ൌ 0.3𝑍ଵሺ1 െ 0.1𝑍ଶሻ ൅ 4𝑍ଵሺ0.2𝑍ଵ െ 0.002𝑍ଵ𝑍ଶሻ 
 

Then, the state space model is asymptotically stable 
if and only if 
 

𝑁 ቀ𝑍ଵ,𝑍ଶቁ ് 0for all ቀ𝑍1,𝑍2ቁ ∈ 𝑈ഥ
ଶ            … (36) 

 

where, 𝑈ഥଶ ൌ ሼሺ𝑍ଵ,𝑍ଶሻ: |𝑍ଵ| ൑ 1, |𝑍ଶ| ൑ 1ሽ,𝑍 is a 
complex number and 𝐼 ൌ 𝐼௠ ⊕ 𝐼௡ denote the identity 
matrix. It is seen that Eq. (36) violated (choose, for 
instance, 𝑍ଵ ൌ 0.94, 𝑍ଶ ൌ 98/3426ሻ, for the 
characteristic polynomial. The system is considered 
unstable if any of the eigenvalues have a magnitude 
exceeding 1. Conversely, if all the eigenvalues 
possess magnitudes that are less than or equal to 1, the 
system is observed as asymptotically stable. 

From the outcome, the analyzed system does not 
exhibit 2-D asymptotic stability20. The objective is to 
create an optimal controller with a guaranteed cost for 
this system. For this specific scenario, this were able 
to determine through the use of the LMI Toolbox in 
MATLAB21,22 that it is feasible to solve the 
optimization problem presented in Eq. (35). 

Using the MATLAB robust control toolbox gives 
𝑡௠௜௡ ൌ െ5.7076 ൈ 10ିସ which is negative. This 
negative value suggests that the system is feasible. 
The optimal solutions for this problem are as follows:  
 

𝑆 ൌ ൥
3.2829 0.2978 0
0.1514 0.1261 0

0 0 0.1172
൩, 

𝑈 ൌ ሾ 1.7151 ൈ 10ି଼ 0.0381 4.4093 ൈ 10ି଺ሿ 
𝜀 ൌ 0.0673,𝛼 ൌ 0.0032,𝛽 ൌ 0.0853 
 

The controller that provides the optimal guaranteed 
cost for this system, as per Theorem 3, is given by 
𝓊ሺ𝑘, 𝑙ሻ ൌ ሾെ0.015 0.3119 െ0.034ሿ𝑋өሺ𝑘, 𝑙ሻ 

Furthermore, the least upper bound for the 
associated closed-loop cost function is Ɉ∗ ൌ 5.5601 ൈ
10ିହ. 

In an open-loop response, a system reacts to a 
control input applied directly without any feedback to 
adjust based on its output. This type of response in Fig. 
1 an unstable system typically shows divergence, 
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indicating increasing instability. Conversely, a closed-
loop response involves feedback control in Fig. 2 
where the control input is adjusted based on the 
system's output. For a stable system, this response 
shows convergence to a steady state, demonstrating 
stability. 
 
Example 4.2 Let us now concentrate on such a 2-D 
discrete Roesser model specified by the uncertain 
system Eq. (1) 
 

𝙰 ൌ ൥
െ1.01 െ0.22 0.50
0.60 െ4.50 0.01
0.70 െ2.20 0.10

൩ ,𝙱 ൌ ൥
0.10
0.20
0.10

൩ , 𝐿 ൌ ൥
1
0
0
൩ 

 𝑊 ൌ ൥
0.0025 0.0064 0
0.0064 0.0025 0

0 0 0.0020
൩, 

𝑀ଵ ൌ ሾ0 0 െ1ሿ,𝑀ଶ ൌ 0,𝑍 ൌ 0.1, 
𝑅 ൌ 0.25, ջଵ ൌ ջଶ ൌ 2 
 

Using the MATLAB robust control toolbox gives 
𝑡௠௜௡ ൌ െ0.0163, which is negative. Based on the 
current example, this has determined that the 
optimization problem can be feasibly solved. The 
optimal solutions for this problem are as follows: 

𝑆 ൌ ൥
1.97 3.50 0
0.95 2.35 0

0 0 0.65
൩, 

𝑈 ൌ ሾ11.91 34.93 െ2.13ሿ 
𝜀 ൌ 338.8,𝛼 ൌ 0.0065𝛽 ൌ 0.0154 
 

The controller that provides the optimal guaranteed 
cost for this system, as per Theorem 3, is given by 

 

𝓊ሺ𝑘, 𝑙ሻ ൌ ሾെ4.59 21.6 െ3.26ሿ𝑋өሺ𝑘, 𝑙ሻ 
 

Furthermore, the least upper bound for the 
associated closed-loop cost function isɈ∗ ൌ 0.1025 

In the context of a 2-D uncertain Roesser model, an 
unsymmetric Lyapunov matrix can be used to 
establish stability conditions, which can be expressed 
in the form of LMIs. This feature facilitates traceable 
mathematical manipulation, allowing it to be solved 
using MATLAB robust control toolbox21,22, as the 
lothisr values of the cost function indicate better 
performance. A numerical example has been included 
to illustrate the effectiveness of the current technique 
in order to establish its authenticity. 
 
Conclusions 

In this paper, this presented a novel LMI-based 
approach for designing an optimal guaranteed cost 
control via a static-state feedback controller for 
uncertain two-dimensional discrete systems using 
the Roesser model. By utilizing an unsymmetrical 
Lyapunov matrix, this has derived a new form of 
LMI. The paper has established LMI-based sufficient 
conditions for the existence of a guaranteed cost 
controller. An optimal GCC controller has been 
designed based on the solution of a convex 
optimization problem. This controller not only 
ensures the asymptotic stability of the system but 
also achieves an optimized level of better cost 
function. The results obtained from several 
illustrative examples demonstrated the superiority of 
the proposed approach using an unsymmetrical 
Lyapunov matrix in achieving the optimized cost 
function. Future work focuses on extending this 
approach to more complex system configurations  
or exploring its applicability in robust stability 
analysis of two-dimensional non-linear digital filters 
appears to represent an interesting and challenging 
subject. 
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Fig. 1 — Open-loop response of a stable system 
 

 
 

Fig. 2 — Closed-loop response of a stable system 
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