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Appendix A — Governing Equation for Pressure Distribution in Air-Bearing
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An order—of-magnitude analysis yields the approximated governing equations in the cylindrical

coordinates as:
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where, p is fluid density; u, velocity; i, dynamic viscosity; 7, temperature; c,, constant—volume specific heat; £,
thermal conductivity; u,, radial component of u; uy, circumferential component of u; and u., axial component of
u. p does not vary with » as shown by Eq. (A2). The order—of-magnitude of the terms on the Left-Hand Side
(LHS) of Egs (A3) and (AS5) are smaller than the ones on the Right-Hand Side (RHS) of the respective
equations. Based on this reason, by neglecting the terms that represent the inertia forces on the LHS of Eq. (A3)
and assuming an isothermal operating condition of AB, one may arrive at the RE to analyze the fluid flow
through AB.'
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The RE is arrived at using the approximated form of the momentum and energy Eqs (A2), (A6)—(A8) as
follows. The equation governing the air flow through the CV (see Fig. 4) can be written using Eq. (A1) as
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Hf [g—lz+v-(pu)]dV=0 ..(A9)
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Due to the motion of the journal and the bushing, the size of the CV (see Fig. 4) in ¢ direction is variable.
Writing Eq. (A9) for a unit area of CV in #—z plane, in terms of the dimensions R;d0, do, and dz and velocities
Ug, Us, and U,
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Using the Leibnitz rule for the integration of a differential, the four terms in Eq. (A10) are written as follows:

The fluid film is assumed to operate in isothermal conditions® to arrive at the RE. Considering air as an ideal
gas, p = p(p) only. Since p # p(J) from Eq. (A2), dp/06= 0.
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As the bushing does not rotate, ug|, = 0 in Eq. (A12).
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As the bushing does not have an axial motion, u,|p,, = u,lo = 0 in Eq. (A14). Since hxg=/4p(0, ?),
dhag Ohpg RjdO Ohyg
= ... (A15
dt Rj06 dt * ot (A15)
where, df/dt = w. Using Eq. (A15) in Eq. (A13),
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The RE is derived by assuming u as a constant. uy and u, in Eqs (A12) and (A14) are given by
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Equations (A17) and (A18) are arrived at from Eqs (A6) and (A7), respectively, as follows: (i) writing » = R;
+ cap — 0 in Egs (A6) and (A7), (ii) eliminating terms of &/ (R; + cag) as they are of O(cap/(nDy)), and (iii)
integrating the resulting equations twice.

When the conditions on the journal and the bushing boundaries, uglo = 0,uglp,, = Rjw, and u,|, =
Uy|p, = 0, are applied, the velocity distributions applicable for the AB are:

where, Ryt cag =R;.
1 dp
u, = Zg (52 - hABS) (AZO)

Substituting for uy and u, in Eqs (A12) and (A14) from Eqs (A19) and (A20) respectively,
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Substituting for the four terms in Eq. (A10) from Eqgs (A11), (A16), (A21), and (A22),
d 0 h3g 0 Ryw d(ph oh d [(phigd
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The terms on the LHS of Eq. (A23) represent the time rate of change of mass inside the finite CV having unit
area in the 6—z plane, due to the following physical mechanisms: The first term represents the local rate of
change in density. The second term and the fifth term are due to the Poiseuille flow (p—induced flow)
mechanism. The third term is due to the Couette flow (velocity—induced flow) mechanism. Since the bushing
doesn't rotate, this term would not be present in the RE to compute the p—distribution in the AR region of ARB.
But the identical RE were used for calculating p—distribution in AR and AB regions in the 1-DOF solution
procedure.” The fourth term in Eq. (A23) is due to the squeeze film mechanism. Equation (A23) is known as the
RE. p distribution is computed using this equation in locations other than the FH in the AB. In the
neighborhoods of FH, the time rate of change of mass of the finite CV is equal to the mass flow entering the AB
region through the FH. At the FH locations,

12u 0z
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Since p = p(p) and p = pRT (the ideal gas equation of state where, R is the gas constant for air), Eq. (A24)
becomes Eq. (6).
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Appendix B — Governing Equations for Mass Flow Through the Feed—Holes of Air-Bearing

The following conditions are assumed to exist for a finite CV (see Fig. 4) having unit area in the 6z plane, at
the location of an FH in the AB region: (a) a viscous and steady flow; (b) the time rate of change of mass inside
the CV due to the velocity induced flow mechanism and the squeeze film mechanism are negligible; (c) the
variations of 45 in 6 and z directions are negligible.” By applying these conditions in Eq. (8), the following
Poisson’s equation is obtained that governs the flow at the FH.

FH FH .
—(HF 3 (0%Q;; N 0%Q;; _, M (B1)
i) \ a9z T a2 C,dodE

Replacing the partial derivatives in Eq. (B1) with second—order, central differences, using C, = A8 /A&, and
re—arranging,

(Ql]+1 + QL] 1 + szH
3
C2 Cy (H]'
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Equation Governing Mass Flow Through Annular Orifice of Feed—Holes

Flow occurs from the FH chamber (where, p = p.) into AB (see Fig. 6) through the area of annular orifice
(a0), Ay = ﬂdchg}'l. In the RHS of Eq. (B2), Mgy = vpyMpycr, Where, vpy is dimensionless mass flow rate;
and Mgy (, critical mass flow rate through A4,,. The theoretical value of Mgy o, for compressible flow based
on the assumptions: (a) frictionless flow, (b) no heat transfer, (c) negligible body forces, and (d) one—
dimensional flow, is

FH

. , 14 bi,j

mFchr = pc(ndchg;l)ﬁ(y-}_l)/zy ﬁ fOI‘ };J = 'B (B3)
¢

where, yis specific heat ratio; and £, critical pressure ratio.”’

Defining dimensionless FH chamber pressure ratio mgy = p./ps, and substituting for gy o from Eq. (B3),
Eq. (B2) becomes

(QU+1 + QiF}{—1) C3UFH7TFH

QM = QA C, + ' + .. (B4)

i,j _] ( i+1,j T Qi 11) 2 C, Cl(HFH
where, C; is given by
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C. = 2mp.d r+1/2y |
and
tpy = CaVpnmeuHi ;' /2 ... (B5)

Defining dimensionless pressure ratios mw, = pf JH /pc and 7= py/p., Eq. (B4) can be written as

(@i}, +Qf Ly C3VUFHTTFH
(Tempums)? = (Ql+1] Qi- 1])C2 + & C a FH\2 .. (B6)
] 2 C1(H{;

Upy 1s related to my = l-;lt /pc and S using’'!
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The theoretical pressure drop (pc —Dij ) is related to the effective pressure drop (pC - pf ]H) using

+viy =1 ..(B7)

1-— Te = CFH(l - Tl.'t) (B8)

where, Cry is an experimentally determined coefficient’~*: (i) For Reynolds number Re < 2000, Cgy = 0.16 +
0.0002 Re; (ii) For 2000 < Re < 4000, Cgy = 0.685 + 0.155 ((Re — 3000) / 2000) — 0.19 ((Re — 3000) / 2000)?;
and (iii) For Re > 4000, Cry = 0.715. Cpy is introduced in Eq. (BS8) so that the effects of (a) friction losses and (b)
a sudden change in the direction of flow as well as a sudden change in cross—sectional area of the flow from the
FH chamber to AB (see Fig. 6) are included.

From Egs (B7) and (B8),

Te=1- [CFH(]- -B) <1 - /1 - véH)] .. (B9)

Substituting for 7, in Eq. (B6), Eq. (10) is arrived at.
Re relation is derived as follows: From the literature™

Re =1} 'hi / (Azok) ...(B10)
Substituting for gy = VgyMey o in Eq. (B10),

Re = vpytitpy crhyj / (Aaolt) .. (B11)
Substituting for Ty ¢, from Eq. (B3),

_ UFHpcﬂ(Y+1)/2th}'-l Y

R —— ..(B12
e p =T (B12)
Using the relations for (i) mgy = p./ps, and (ii) Hf ]H = hf}{ /caB
UpnTtrHCABH LF ]HPs Y
Re = ' r+/2y | ..(B13
e p B RT (B13)
Equation Governing Mass Flow Through Orifice of Feed—Holes
The mass flow through FH orifice (0) when < mpy< 1°” is
. Ps4o 2y
1o = C, men Y 1 — ey -D/Y .. (B14
o o \/ﬁ FH \/)/ -1 ( FH ) ( )
The mass flow through the FH orifice when gy < 8% is
Ps4o 2y
1y = Co——= B 1— -y .. (B15

where, C, = 0.85 — 0.15 mpy — 0.1 méy; and A, = md2/4. C, is an experimentally determined discharge
coefficient.” It is introduced in Eqs (B14) and (B15) to include the effects of friction losses and a sudden change
in the cross—sectional area of the flow at the FH orifice (see Fig. 6). A dimensionless mass flow through FH
orifice v, when < gy < 1, is defined as
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FH 1/1/\/(1 — Y D/Y)

Yo = ’31/1/1/(1 — pr=1/7)

When gy < S, 0, = 1.

.. (B16)

Matching of Mass Flow Through Annular Orifice and Orifice of Feed—Holes
The SHM of the journal during the TSS changes the mass of air m, inside the FH chamber. The time rate

change of m, is given by

. me . pc_pc,OVC_ . .
A ac7z T A arzz R e e -1
where, V, = mdZh./4, is volume of FH chamber; and p. ¢, initial p of the FH chamber. At = 21/(vN), where N
is the number of time—steps in one period of the SHM of the journal. In a TSS, a single time—step, At is
discretized into three time-levels, n, nt+1, and n+2. The time durations from time—level » to time—level n+1 and
from level n+1 to level n+2 are At/2 each.

Substituting for Mgy using Eq. (B3), m, from Eqs (B14) and (B16) in Eq. (B17)
Pc — Pco Ve

AI%LHOTZ,R_;" = (CoVoPsAo — VrHPcAa0)Ca ..(B18)
where,

1/y 2y r-1)/
C,=p8 W(l BY-D/v) ...(B19)

Non—dimensionalizing p in Eq. (B18) using ps, Eq. (11) is arrived at.

Appendix C — Newton—Raphson Method of Finding vpy and ttpy

On the grid points where the FH are located, Eqs (10) and (11) are solved for mass flow parameters vry and
7iwy. The solution is carried out using a multivariable Newton—Raphson technique® as follows:

For a set of N equations in N variables, xi, x,, . . . ., xy, where the i equation in the set is fi(x)=0;i=1, 2, ..

., N, an expression for f[x”""] using a multivariable Taylor series expansion about x*’ can be written as
(where, b is the number of iterations):

£(x®+D) = £,(x®) + Z (af‘) (”“) ].(”)) 4o .. (C1)
£x®

0x;
i=1.2,..,N.
In order for x*" to be a better estimate of the solution x than is x*, fi(x*"") =0, i.e., -f? = A® x" — x®)
where, A? is the Jacobian matrix evaluated at x”’, hence it is a matrix of constants. Pre-multiplying by A”’ ™ on
both sides, X" =x® — AP~ £ 1t can be written in an expanded form as

o o oyt

x Y x” ax; O0x2 T oxy Ailx®]

a of; 9
x§b+1) _ xéb) ) a_fl i .o ﬁ fz[x(b)] (C2)
x,E,blH) kx,{,b)J laf_N o . | "f_NJ kfzv["‘(b)])

ax; 0x2 oxy
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The use of the Newton—Raphson algorithm for several variables involves obtaining the inverse of the
Jacobian matrix once in every iteration.

Equations (10) and (11) consist of the variables x; = vpy and x, = 7gy. Application of the Newton—Raphson
method in these equations results in

2
f1(b) = [1 — Cry(1 = p) (1 - /1 - UEH)] (mpums)?

1 ofH offt CaUryT
- (Ql+1] Qi- 11)C2 ( U+1C G il FH .(C3)
2(C;+2) 2 C, (HFH)®
2
1
f2(b) = (CovoAo — VpuTrHAao)Cs — (7TFH — TlrH o) AtRT .. (C4)
3f,(b) 2(mpyms) *vpCru (1 — B) [1 —Cep(1—=p) (1 - /1 - UEH)]
11 = = - 1
v (1= vhy)2
C3Try
.(C5)
26, (€, + =) (HFH)”
2

Flowchart 2 — Newton—Raphson method for solving mass flow through feed—holes

Start

Define tolerance:
tol=1le®
Assume 7rH

Imtlahze
b=1

b

Compute vy using
Eq. (1)

v

Yes

Compute fi, f3, Ji1, Ji2, Ja1, and
J22, using Egs (C3)—(C8),
respectively

¥
iy = it Compute vZ! and m?
vby = ofii! using Egs (C10) and (C11),

respectively
e = TR
vy = VB!
change in gy= [P — |
change in vpy= |VFH - v,’.-’Hl
b=0

change in 7y < tol
change in vpn < tol
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af,(b) 2 Csv
= a; =2 [1 — Cey(1 = B) <1 - /1 - U§H>] TpyT2 — 2 — ..(C6)
FH 2C1 (€2 + ) (]

0f2(b)
21 = 7, = ~MrnAaCs - (C7)
_9f0) _ % 1
A ~UpnAaoCa — AtRT - (C8)

Substituting for variables x;, x,, functions f;, f5, and the elements of the Jacobian matrix from Eqs (C3)—(C8)
into Eq. (C2)

vR _ Py i Sz A
{né’ﬁl}_{né’H} 21 ]22] {fz(b)} ..(C9)

Solving Eq. (C9),

b+1 _ b _ J22f1(b) —]12f2(b)] L
e v [ J1122 = J12)21 o ( )
b+1 _ b _ —/J21/1(b) +]11f2(b)] »
e rH [ J1i1J22 = J1i2)21 ¢ )

In Egs (C10) and (C11), f1, f2, J11, J12, Jo1, and Jp,, are given by Egs (C3)—(C8) respectively. The computation
of mass flow is carried out using the algorithm shown in Flowchart 2.

The initial value for zpy (time # = 0 and b = 1) is assigned from the initial p distribution condition obtained
from SSS. Using the value of zpy, the value of vgy is obtained from Eq. (11). fi, £, Ji1, Ji2, Jo21, and Jp, at
b =1 are found using Eqs (C3)—(C8), respectively. Values of vpy and zgy at (b + 1)™ iteration are obtained from
Egs (C10) and (C11), respectively. The iterations continue as long as the algebraic difference between o™ and
(b + 1) values of vpy and 7py becomes less than a specified tolerance.

The final values of vpy and gy are implemented in Eqs (16) and (18) to compute p at the grid points that
correspond to the locations of FH. During the computation of p distribution in an n™ time-step, the initial
iteration value (at b = 1) of zgy is taken to be the value of 7y obtained in (n—l)lh time—step. The initial iteration
value vgy for each time—step is obtained from Eq. (11) using the value of 7gy.

Appendix D — Symbolic Thomas algorithm

Equation (17) forms a singly bordered tridiagonal linear system which can be solved by using a symbolic
Thomas algorithm.” In a symbolic Thomas algorithm, [A] in Eq. (17) is represented as a product of two upper
triangular matrices [U;(1)], [U2(A)], and a lower triangular matrix [L(L)].

[A] = [Ui(M)] [U2(M)] [L(A)] ...(D1)
where,

1 0 0 O 0 0 0 0

0 1 0 O 0 0 0 O

0 fis 1 0 0 0 0 O
(U] = ;

0O 0 0 O fin—2 1 0 o0

0O 0 0 O 0 fin-1 10

0 0 0 O 0 0 fin 1
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—hi,l Ci,Z 0 0 0 0 0 am T
0 hi,Z Ci3 0 . 0 0 0 a;>
0 0 hi'3 Ci‘4 0 0 0 al"3
w,ml=: : w o ow o - : S
0 0 0 0 . 0 hi,N—Z Cin-1 OiN-2
0 0 0 0 0 0 hi,N—l al-'N_1
(o0 0 0o 0 .0 0 0 Ay |
1 0 0 O 0 0 0 O
B, 1 00 .. 0 0 0
By 0 1 0 .. 0 0 0
O R R e
By, 00 0 .. 0100
Biyy 00 0 .. 0 0 1
| g, 0 0 0

and 4, a symbolic variable. 4 is substituted for h; ; when h; ; = 0. From Eqs (D1) and (17), the relations between
the elements of [A], [Uy(A)], [U2(M)], and [L(L)] are

i1 = AN ..(D2)
a;;j =0 2<j<N-2 ..(D3)
al"N_l = Ci,N (D4‘)
hiz = b, ..(D5)
fi,j = ai,j_l/hi,j_l 3 S] <N (D6)
hi,j = bi,j _fi,jci 3 S] <N (D7)
1
Bin = e (Ci,1 + finfin-1fin-2 ---fi,5fi,4fi,3ai,1) ...(D8)
i,N
,31",1\1 = fi,Nfi,N—1fi,N—2 ---fi,sﬁ‘,4fi,3 ..(D9)
. Bijm .
’ fij+1
1 -1 ]
Bij = _F(Ci,j+1ﬁi,j+1) + (D) —pija, N-12i23 .. (D11)
ij ij
1 1
Biz = —h_(ci,3ﬂi,3) + no Gt ..(D12)
i,2 1,2
hi1 =bi1 — ciz2Biz — @i1Bin ..(D13)

[Ui(M)], [U2(A)], and [L(A)] are formed using elements of [A] and Eqs (D2)—(D13).

A preliminary solution of [Q] given as [Y] is obtained using [U; (A1)][Y] = [B] where [B] is the RHS member
of Eq. (17).
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'Y(n+1)'
i1 ) )
1 0 0 0 .. 0 0 0 0 ey Bi,
0O 1 0 0 .. 0 0 0 0}]iz B;,
0 fiz 1.0 .. 0 0 0 o]lyoy Bis
S SRS | I I B ..(D14)
0.0 00 . fiww 1 0 Ofymni |,
LN ,
0 0 0 O 0 fin-x 10 y @D Bin-1
0 0 0 0 .. O 0 fix U|fin-1| | B, |
Y(n+1) ’
iN
From Eq. (D14),
A .. (D15)
Yo =g, ..(D16)
(n+1) _ (n+1) <i<
Yij =B~ fij¥iio 3<j<N ..(D17)
An intermediate solution of [Q] given as [Z] is obtained using [U,(1)][Z] = [Y].
(4] [y (D)
_ |2 Vi1
hi,l Ci2 0 0 . 0 0 0 a; N Z(n+1) Y(n+1)
0 hy s 0 .. 0 0 0 i.2 i.2
0 0 hyz ¢4 . 0 0 o o |zl lve
O O 0 0 0 hi,N—Z Ci,N—l 0 Z(;lv+12) Y(x_‘—;)
LLN— LLN—
0 0 0 0 .. 0 0 hin-1 cin 7+ y @+
| 0 0 0 0o .. 0 0 0 h; ] i('N_l) i'(N_l)
! n+1 n+1
1 Ziny 1 Yy
which gives
Y(n+1)
Zi(rlb+1): i,N ...(D18)
hin
7+ _ 1 (Y(n+1) 7(n+1) N—=1>j>2 D19
ij T\t TG i,j+1) —i=2]= - (D19)
ij
1
70 = . (Yiff“’ — ;220 — ai,NZi(,'fv“)) ..(D20)

The solution of [Q] is obtained using [L(1)][Q] = [Z].
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r .(n+1)- 'Z'(n+1)-
1000...0000“('1) ‘(1)
n+1 n+1
B, 1 00 .. 0 0 0 0ffQ” 70
By 0 1 0 . 0 0 0 Offgen| |G
’ i, i
S R ST | T P ..(D21)
Png 0 0 0 o 01 0 0ffpmrn oy
ﬂi,N—l 0O 0 0 .. 00 10 Q(nH) 7 (+D)
i,N—1 i,N—1
[ Ay 0 0 0 w0 00 gl AT P EE
LN 2y
From Eq. (D21),
(n+1) _ ,(n+1)
i1 =2 ..(D22)
QY =z g, QD 2<i<N ..(D23)

Equations (D22) and (D23) give the solution an+1) of Eq. (17) for 1 <j < N.

ij



