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The study of a hybrid nanofluid flowing in a mixed convection along a vertical sheet in the presence of porous media 
with heat source, variable temperature, and thermal radiation is examined. By the similarity transformation, the governing 
equations are transformed into non-dimensional differential equations and solved with the help of the shooting technique 
using the Runge-Kutta method. The physical significance of the contributive parameters through graphs and tables are 
presented by the bvp4c solver in Matlab software and found that an increase in the heat source, thermal radiation, and mixed 
convection increases the fluid velocity of the hybrid nanofluid. The inclusion of variable temperature boundary conditions 
leads to a decrease in fluid velocity and temperature with the involvement of the particle concentration. 
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1 Introduction 
Researchers have been concerned with the 

improvement of heat transfer rates in diverse thermal 
systems. For example, in the engine of an automobile 
temperature increases between stationary and moving 
parts of the system. The performance of the engine 
depends on the heat removal property of a lubricant. 
Enhancement of thermal conductivity of lubricant 
increases the ability of cooling/heating.  Since it is 
known that in comparison to fluids, solids have greater 
thermal conductivity. It gave thought to mixing solids 
with fluids to enhance effective conductivity.  

Choi and Eastman first introduced the name 
nanofluid, prepared by synthesizing nanometer-sized 
(1-100nm) particles of metal or metal oxides, etc. 
with base fluids1. There are more advantages to the 
use of nanofluids as compared with only base fluids. 
Several applications in different fields like heat 
transfer, heat conservation, medicine, electronics, 
automobiles, etc. motivated researchers to more and 
more investigations in this field. Using Buongiorno's 
model, Rosca and Pop examined an unsteady 
boundary layer flow over a moving sheet in an 
external free stream2. Sheikholeslami and Sadoughi 
have studied the enrichment of heat transfer of 

nanofluid with the magnetic field3. In this paper, 
PDEs are solved using the macroscopic method 
CVFEM. Waqas et al. have evaluated the effect of 
viscous dissipation in nanofluid over a stretch 
cylinder by the bvp4c method and the study 
determined that an escalation in the nanofluid volume 
fraction results in a rise in the velocity4. Using the 
RKF method, Kumar et al. inspected the heat transfer 
of nanoliquid flow through a curved stretching sheet5. 

A hybrid nanofluid is a fluid that contains two or 
more distinct nanoparticles in the base fluid. Hybrid 
nanofluid has been widely used in many areas 
such as engine cooling, biomedical, lubrication, 
microelectronic, and for a better heat transfer 
mechanism. Rostami et al. analyzed the laminar MHD 
flow of a hybrid nanofluid by the RKF method with 
the bvp4c method in Matlab for obtaining the solution 
and they observed that in the hybrid nanofluid flow, 
dual results exist for both opposing and assisting 
regimes6. Saba et al. have studied the heat transfer 
phenomena for the hybrid nanoliquid using the 
shooting technique with the R-K Filberg method to 
compute the system of ODEs7. It is seen that hybrid 
nanofluid temperature distribution plays a major role, 
as compared to nanofluid. Ma et al. investigated the 
heat transfer in a channel when active coolers and 
heaters were used with a hybrid nanofluid by the 
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Lattice Boltzmann method8. The study indicated that 
by adding hybrid nanofluid with water the heat 
transfer rate increases. Waini et al. analyzed the 
unsteady hybrid nanofluid flow past an enlarging 
surface and they described the effects of the 
unsteadiness parameter and solid volume fraction for 
velocity and temperature profiles9.  

The heat transfer mechanism involves a 
combination of natural and forced convection, which 
is called mixed convection. The mixed convection 
flow is frequently used in nuclear reactors, 
technology, and engineering equipment. Xia et al. 
analyzed the effect of hybrid nanofluid on MHD 
mixed convective flow with multiple slip conditions10. 
Othman et al. analyzed mixed convection motion past 
a stretching/shrinking surface in a nanofluid11. They 
indicated that a rise in the mixed convention increases 
the velocity distribution. Using the finite difference 
method (FDM), Cimpean et al. explored the impact of 
mixed convection on a hybrid nanofluid within a 
porous trapezoidal chamber12. The problem indicated 
that high values of the Reynolds number describe 
forced convection and low values of Reynolds number 
indicate the development of mixed convection. 
Khashi’ie et al. have examined the non-Darcy 
combined convention of a hybrid nanoliquid13. The 
researchers noted that in the case of a hybrid nanofluid, 
an escalation in the mixed convection parameter results 
in an escalation in momentum distribution and a 
decrease in energy distribution. Wahid et al. reported 
the mixed convection hybrid nanofluid flow over a 
perpendicular sheet with thermal radiation and they 
observed that due to the mixed convection parameter, 
the heat transfer rate and skin friction coefficient 
increased14. Khan et al. investigated the impact of 
radiative mixed convection flow of a hybrid nanofluid 
through a vertical cylinder15. 

A porous media contains holes or pores through 
which fluid flows and is useful in many aspects of 
applied science and biomedical like tissue 
replacement, air conditioning, phase change material, 
material science, solar system, drug delivery, and 
geophysics. Sajjadi et al. have inspected the impact of 
MHD natural convection in a porous medium with a 
hybrid nanofluid and reported that due to porosity, the 
heat transfer rate was reduced16. Alkanhal et al. 
studied the MHD nanofluid flow in the presence of 
thermal radiation, heat source, and magnetic force 
inside a porous medium by the control volume finite 
element (CVFE) method17. Mehryan et al. analyzed 

the natural convection hybrid nanofluid flow through 
porous media using the Galerkin finite element 
method18. Wahid et al. investigated the Marangoni 
hybrid nanofluid flow through a permeable disk  
in the presence of porous media and observed that if 
porous medium intensity increased, the local Nusselt 
number also increased19. Daoud et al. have explored 
the 3D MHD flow past a stretching surface in the 
presence of a porous medium, and they showed that 
the reduction of the permeability parameter decreases 
the velocity distribution20. 

Grubka and Bobba explored heat transport over a 
continuous linearly stretching surface using the power 
law temperature distribution21. Risbeck et al. have 
studied the laminar mixed convection flow through 
the horizontal sheet with variable temperatures using 
the FDM22. Cheng studied the transfer phenomenon of 
heat and mass for natural convection through a 
vertical plate with variable temperature and 
permeable medium in the presence of a transverse 
magnetic field23. Cao et al. analyzed the slip  
effect on the mixed convective boundary layer motion 
and heat transport over a perpendicular sheet24. 
Subhashini et al. have examined the mixed convective 
nanofluid flow through a moving vertical plate25. 
Reddy et al. have studied the heat transfer of a 
viscoelastic polymeric fluid on the semi-infinite 
vertical plate using Crank-Nicolson FDM for 
numerical solutions26. Mahmoudi examined the fluid 
metal free convection between perpendicular plates 
under a crosswise magnetic field27. Rajesh et al. have 
investigated the MHD hybrid nanoliquid motion over 
a vertical sheet with a raged temperature of the wall28. 

Wahid et al. illustrated the MHD flow of a hybrid 
nanofluid over a vertical plate in the presence of 
thermal radiation and they reported that fluid 
temperature increased due to an escalation in the 
radiation parameter29. Waqas et al. considered the 
thermal radiation impact on nanofluid past a porous 
cylinder30. Abbasi et al. explored the impact of 
nonlinear thermal radiation on a hybrid nanofluid  
and they found that the temperature of the fluid 
increases with an increase in the radiation 
parameter31. Khan et al. inspected the effect of 
thermal radiation on the mixed convective motion of a 
hybrid nanofluid and they found that the fluid 
temperature was enriched due to radiation32. 
Sivasankaran et al. deliberated the thermal radiation 
effect on a hybrid nanofluid flow between parallel 
sheets and found a decrease in temperature due  
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to an increment in thermal radiation33. Ullah et al. 
examined the significance of heat source on 
magnetized nanofluid through the radial disk and the 
result showed that the heat source parameter enhanced 
the temperature profile34.  

Tayebi et al. studied the impact of heat source/sink 
on a hybrid nanofluid in a circular annulus35. 
Jamaludin et al. examined the impact of MHD mixed 
convective motion of hybrid nanofluid through an 
enlarging surface with a heat sink/source and they 
found accelerated separation of the boundary layer 
due to heat source36. Azam et al. determined the effect 
of heat source/sink in unsteady cross nanofluid over a 
shrinking/stretching cylinder and they reported that 
the mass transfer rate and boundary layer thickness 
increased due to heat source37. Mansour et al. 
explored the influence of heat source/sink, heat 
transfer, and MHD on the natural convection flow of 
hybrid nanofluids using the FDM method38. They 
observed that the sustainability of hybrid nanofluid 
decreased due to heat source. Ratha et al. investigated 
the unsteady 2D flow of an incompressible Casson 
nanofluid over a shrinking horizontal sheet with an 
inclined magnetic field and Joule heating39. Using the 
Buongiorno model, they found that the Casson 
parameter and suction/injection enhance velocity 
profiles, while Brownian motion and thermophoresis 
augment fluid temperature. Baag et al. numerically 
investigated the magnetohydrodynamic flow of a 
viscous liquid past an expanding sheet embedded in a 
permeable medium, considering thermal buoyancy, 
heat source/sink, chemical reaction, convective heating, 
and cross-diffusion effects40. Using Runge-Kutta 
fourth-order with shooting in MATLAB's bvp5c, they 
found that thermal buoyancy enhances velocity, while 
convective heating augments fluid temperature.  

Tinker et al. numerically analyzed the heat  
transfer of a time-dependent hybrid nanofluid flow 
with thermal radiation and heat source/sink over a 
stretching/shrinking sheet41. Using similarity 
transformations and MATLAB's bvp5c, they found 
dual solutions depending on the unsteadiness 
parameter. Stability analysis revealed one stable and 
one unstable solution. The study also showed that 
second-order slip significantly impacts flow and heat 
transfer, and increasing suction enhances frictional 
stress and heat transfer. Pattnaik et al. studied the free 
convection of an electrically conducting viscoelastic 
nanofluid over an expanding surface, considering 
Brownian motion, thermophoresis, thermal radiation, 

and chemical reaction42. They used a hybrid 
perturbation method and the MATLAB bvp4c solver 
to analyze the transformed ordinary differential 
equations. Their findings highlighted the influence of 
various physical parameters on the flow and heat 
transport, with implications for industrial processes. 
Panda et al. numerically investigated heat transport in 
buoyant wedge-shaped flow of SWCNT-MWCNT 
hybrid nanofluid over a radiative vertical permeable 
wedge with variable wall temperature and heat 
source/sink43. Their key findings indicate that heat 
transport is enhanced by linear radiation, nanoparticle 
volume fraction, and uniform heat source, while 
momentum is influenced by wedge angle and 
nanoparticle volume fraction. Mixed convection 
parameters increase the momentum boundary layer.  

Baag et al. numerically examined the 
magnetohydrodynamic flow of a viscous liquid over 
an expanding sheet in a permeable medium, 
considering thermal buoyancy, heat source/sink, 
chemical reaction, convective heating, and cross-
diffusion44 (Brownian motion and thermophoresis). 
Using Runge-Kutta fourth-order with shooting in 
MATLAB's bvp5c, they found that thermal buoyancy 
enhances velocity, and convective heating increases 
fluid temperature. Pattnaik et al. numerically 
investigated the buoyant flow of a conducting time-
dependent nanofluid (gold nanoparticles in water, 
modeled by Hamilton-Crosser's model) through 
porous moving walls filled with a porous medium, 
considering a uniform heat source and absorption45. 
Using Runge-Kutta fourth-order method their findings 
indicate that nanoparticle volume concentration 
enhances fluid velocity in the channel's middle layer 
but retards it near the walls. Additionally, increasing 
Reynolds number and wall heating/cooling augment 
shear stress. The study suggests potential applications 
in biotechnology. Merkin has analyzed the impact of 
mixed convection motion through a perpendicular 
sheet in a saturated permeable medium46. Ahmed and 
Pop investigated the effect of mixed convection flow 
of nanofluid past a vertical plate with permeable 
medium47. Waini et al. studied the mixed convection 
motion of a hybrid nanoliquid over a vertical needle 
with surface heat flux48. 

The main aim of this study is to investigate a 
hybrid nanofluid flow in mixed convection along a 
perpendicular sheet in the existence of porous media 
with a heat source, variable temperature, and thermal 
radiation. The investigation incorporates the effects of 
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various factors on the momentum and temperature 
distributions such as thermal radiation, heat source, 
and variable temperature boundary conditions to 
study the steady mixed convective boundary layer 
flow along a perpendicular flat plate enclosed in a 
permeable medium. 
 
2 Mathematical Formulation 

This paper examines the mixed convection steady 
flow on an impermeable vertical surface immersed in 
a porous medium filled with a hybrid nanofluid, 
incorporating thermal radiation, heat source, and a 
variable temperature boundary problem. Figure 1 
shows the axisx   measured along the plate and the 

axisy   perpendicular to it. The velocity components 

along the x and axisy   are denoted by and ,u v  
respectively. The free stream velocity is represented 
as U , while Tw  and T are the constant surface 

temperature and the constant free stream temperature, 
respectively, with T Tw   (heated plate) for assisting 

flow and T Tw   (cooled plate) for opposing flow. 

Additionally, the study assumes that the nanoparticles 
have a uniform size, and agglomeration of 
nanoparticles is neglected since the hybrid nanofluid 
is synthesized as a stable compound.  

The hybrid nanofluid equations are derived by 
utilizing the standard approximations of the boundary 
layer, as outlined in Merkin46 and Ahmad and Pop47. 
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Here the temperature of a hybrid nanofluid is 
represented by T, porous medium permeability by K, 
variable temperature index by  , and acceleration 

due to gravity by g . Further, dynamic viscosity is 

represented by hnf , density by
 

hnf , thermal 

conductivity by
 

khnf , thermal expansion coefficient 

by
 

hnf , and hybrid nanofluid heat capacity by
 

( )p hnfc .  

The Rossel and approximation is employed for
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The 4T expressed in Taylor’s series about T  in 
which higher order terms are removed48, 
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Then Eq (3) changed as follows 
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Now, the following variables are used to get the 
similarity solutions of Eqs (1), (2), and (6) are: 
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= fluid thermal diffusivity. The variable taken in (7) 
satisfies the Eq. of continuity (1), and we have: 
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Table 1 — Thermo-physical properties (Fluid and nanoparticles) 

Fluids ( / )pc j kgK
 

3( / )kg m  ( / )k W mK  ( / )S m  (1/ )K  

2H O  4179 997.1 0.613 0.05 521 10  

2 3Al O  765 3970 40 71069.3   50.85 10  
Cu  385 8933 400 71096.5   51.67 10  

 
 

Fig. 1 — Flow behavior of a model 
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Using (5), (11), (12), (13), and (14), we get: 
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Where the Prandt l number Pr f

f




  and the local 

Reynolds number Re
f

U x
x v

 , f  is the fluid 

kinematic viscosity.  

3 Results and Discussion 
The bvp4c procedure in MATLAB systems 

software was used to solve the transformed non-linear 
ODEs (9) and (10) along with boundary conditions 
(11). This procedure converted the transformed 
boundary value problem into a system of 1st ODEs. 
The investigation focused on motion phenomena  
and various graphs were used to present the 
momentum and temperature distributions for  
distinct parameter values. The fixed parameters for 
which the results were presented are taken as 

1 20.1, 1, 0.1, 0.04, 0.3, 1Q Rd           for velocity 

graphs and 
1 20.1, 1, 0.1, 0.04, 0.1, 1Q Rd            

for temperature graphs, and they may vary whenever 
required. In Fig. 2, the impact of radiation on velocity 
is illustrated. The increment in radiation parameter 
intensifies the random movement of nanoparticles, 
which, in turn, results in frequent collisions and 
additional heat generation. As a result, an increase in 
temperature and velocity can be observed.  

Figure 3 highlights the physical behavior of the 
velocity profile for various values of   keeping other 
dimensionless parameters fixed. Mixed convection 
occurs when both natural (driven by buoyancy forces) 
and forced (driven by external forces) convection 
mechanisms are present. The behavior of fluid motion 
and transfer of heat is significantly influenced by the 
parameter of mixed convection. When the mixed 
convection parameter increases, it displays a 
corresponding rise in fluid velocity. This is because 
an increase in   leads to an increase in the buoyancy 
force, which in turn affects the speed of the fluid flow 
as determined by the ratio of the temperature 

 
 

Fig. 2 — Velocity depiction for Rd 
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difference and inertial force. The contribution of 
natural convection to fluid flow increases when the 
mixed convection parameter rises. 

The positive correlation between fluid velocity  
and heat source/sink parameter is evident in Fig. 4.  
In the case of the heat source scenario, the thermal 
boundary layer’s thickness rises due to a rise  
in the heat source parameter. This, in turn, leads to a 
rise in internal heat energy, increasing fluid velocity. 
Figures 5 and 6 show the momentum distribution of 

2 3 /Al O Cu water  based hybrid nanofluid. According 

to the findings of Fig. 5, a rise in the volume fraction 
of 

2 3Al O  nanoparticles causes clogging, which in turn 

causes a decrease in momentum. This effect is further 
supported by the velocity distribution, which shows 
that the width of the momentum boundary layer 
decreases as the volume fraction of 

2 3Al O increases. 

This same behavior has been shown in Fig. 6 that an 
increase in the volume fraction of ( )Cu  nano-particles 
causes a fall into momentum distribution. Figure 7 
describes the impact of the variable temperature  
index   on the velocity depiction. It is observed  

that an increment in   leads to a decrement in the 
velocity profile. 

Figure 8 exhibits the influence of heat source on 
fluid temperature. The profiles reveal that a rise in the 
heat source ( )Q  displays higher thermal conductivity, 
owing to the thickening of the thermal boundary 
layer. The phenomenon can be attributed to the larger 
contribution of heat from the dominant values of Q  to 
the working fluid, which accelerates the thermal 
profile and, consequently, boosts the velocity and 
temperature of the fluid. By holding other 

 
 

Fig. 3 — Velocity depiction for   
 

 
 

Fig. 4 — Velocity depiction for Q  
 

 
 

Fig. 5 — Velocity depiction for 1  
 

 
 

Fig. 6 — Velocity depiction for 2 
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dimensionless parameters constant, Fig. 9 provides 
insight into the physical behavior of the temperature 
profile for various values of . The outcomes indicate 
that an increment in the mixed convection parameter 
( )  provides a considerable rise in the observed 
temperature distribution due to a stronger influence of 
both forced convection (resulting from the external 
flow) and natural convection (due to buoyancy 
forces). Due to the opposing flow, the thermal 
boundary layer experiences an increase in thickness as 
the fluid velocity near the wall decreases, resulting in 
more internal heat energy being generated giving rise 
to the wall temperature. 

Figures 10 and 11 illustrate the influence of volume 
fractions of 2 3 /Al O Cu water

 nanofluid on the 
temperature profile. The heat transfer performance is  

 
 

Fig. 9 — Temperature depiction for   
 

 
 

Fig.10 — Temperature depiction for 1  
 

 
 

Fig.11 — Temperature depiction for 2 
 

 
 

Fig. 7 — Velocity depiction for   
 

 
 

Fig. 8 — Temperature depiction for Q  
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Fig.12 — Temperature depiction for Rd  
 

 
 

Fig. 13 — Temperature depiction for    
 

observed to increase when the regular nanofluid is 
transformed into a hybrid nanofluid. This can be 
attributed to the enhanced mass of nanoparticles, leading 
to the development of convective heat transfer. 
Moreover, as the mass fractions of 1  

2 3( )Al O  and 2  

( )Cu  increase, the surface temperature decreases, further 
augmenting this effect. Figure 12 depicts the influence 
of Rd  on the temperature profile. As illustrated, an 
increase in Rd  leads to a decrease in temperature, 
indicating an improvement in the heat transport rate. 
Hence, to facilitate the cooling process, it is 
recommended to minimize radiation. Figure 13 describes 
the impact of the variable temperature index  on the 
temperature profile. It is observed that an increment  
in  leads to a decrement in temperature profile. 

4 Conclusion 
The current research has expanded the scope of 

Merkin's seminal work [39] to include hybrid 
nanofluids. Our focus is on the flow of a steady 
mixed-convection boundary layer that occurs when a 
vertical semi-infinite flat plate is present in a porous 
media filled with hybrid nanofluid. The motion of the 
hybrid nanofluid was numerically examined using the 
bvp4c procedure in MATLAB systems software. The 
study examined the impacts of various working 
parameters, viz. nanoparticle volume fraction, heat 
source, mixed convection parameter, and thermal 
radiation parameter with variable temperature 
boundary problem. The key findings of the study can 
be précised as follows: 

 The velocity profile rises with increasing values 
of heat source, mixed convection, and thermal 
radiation parameters and declines for higher 
values of 2 3Al O  and Cu  nanoparticle volume 

fractions, and variable temperature index.  
 A rise in heat source and mixed convection 

parameter values results in a rise in the 
temperature distribution.  

 The temperature profile decreases with increasing 
values of nanoparticle volume fraction of 2 3Al O  
and Cu  nanoparticles, thermal radiation 
parameter, and variable temperature index. 
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