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Shor's algorithm proved a significant milestone in quantum computing. Because it promises an exponential speedup over
conventional algorithms for integer factorization, a problem critical to modern cryptography systems. This work covers
implementation steps of Shor’s algorithm and analyzes Quantum Fourier Transform (QFT) usage for extracting periodicity
from quantum superpositions. Firstly, theoretical foundations of algorithm are illustrated concentrating on QFT construction
and operation within the setting of the quantum circuit. Thereafter, each implementation step such as qubit optimization,
modular exponentiation, and circuit design is discussed. Our findings validate the theoretical effectiveness of the QFT in
solving the period-finding subroutine, while also highlighting the practical difficulties and scaling constraints presented by
existing quantum hardware. The paper ends with a summary of possible advancements and future paths for error mitigation
strategies and quantum algorithm design. For the benchmark case N = 15, (N denotes the composite integer to be factored)
the implemented order-finding circuit exhibits a logical depth of approximately 10, increasing to about 20-25 layers after
gate decomposition, highlighting the rapid depth scaling that constrains near-term quantum implementations.
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1 Introduction

One of the most important advancements in quantum
computing was Peter Shor's algorithm published in
1994'. An integer factorization method offers a quantum
solution to this issue by breaking down a huge
composite number into its prime components. Even for
conventional supercomputers, this is an extremely
difficult and time-consuming task while factoring very
large numbers. Popular encryption algorithms like
Rivest, Shamir, and Adleman (RSA)’ are predicated on
the difficulties of factoring huge numbers almost
impossible with conventional computing resources. One
popular method for factoring numbers in polynomial
time is Shor's algorithm. Because factoring the product
of two primes takes longer than polynomial time using
the most popular classical algorithm, the commonly
used cryptographic system e.g. RSA depends on
factoring being impossible for sufficiently large
numbers’. This paper emphasizes the quantum
component of Shor's algorithm, which genuinely
resolves the period finding issue. An effective period
finding algorithm can be used to factor integers
effectively since a factoring problem can be converted
into a period finding problem in polynomial time. For
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the time being, it suffices to demonstrate that number
factoring can be done effectively if we calculate the
order r of a* mod N. Here, a is the known number or a
coprime of N. Prior to discussing how this could be used
as a factor in this work, let us first address the period
finding problem which is building block of number
factorization methods™. The ability to factor large
integers manifold faster than the most popular classical
methods make Shor's method revolutionary. Shor's
method may factor an integer N in polynomial time or
0((log) N)3 using a quantum computer whereas
conventional methods such as the General Number Field
Sieve (GNFS) require sub-exponential time. The method
does this by reducing the factoring problem to a period-
finding problem to address it more efficiently exploiting
quantum ideas like superposition and the Quantum
Fourier Transform (QFT). Shor's algorithm has both
conventional and quantum components. The quantum
component targets calculating the order of a modular
exponential function which is extremely slow in a
classical system’. Once the period has been calculated,
classical computing can be utilized to find the original
number's prime factors. Even if large-scale
implementation of Shor's method is currently beyond the
capability of current quantum computers, it serves as
a strong demonstration of quantum computation's
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possibilities®”. Post-quantum cryptography techniques
must be developed as soon as possible due to their
significant influence on cybersecurity. Shor's algorithm
is not only a crucial algorithm in quantum computing
theory, but it also represents a paradigm shift in the

digital security infrastructure®'°.

2 Literature Work

2.1Quantum Superposition and Parallelism

Quantum computing emerged as novel approach to
information processing using fundamental concepts of
quantum physics. The concepts of quantum
superposition and parallelism make it unique from
classical methods of computation. These properties
allow quantum computers to solve some problems
manifold faster than conventional computers'.
Superposition is the ability of a quantum bit, or qubit,
to exist in many states simultaneously. Unlike
classical bits, which can only be either 0 or I, a qubit
can be in a state that is a linear combination of both 0
and /. The quantum state of a qubit is represented
mathematically in Eq. (1) as

ly)=al0)+pI1) (D)

where, the complex integers o and [ represent
probability amplitudes of quantum state being |
0) and | 1); respectively with |a|? + |B|?> = 1. All
feasible combinations of their classical values can be
represented by a superposition of qubits when more than
one is involved.

Quantum parallelism is a consequence of this
characteristic. When an operation (often a quantum gate
or function) is applied to a register of qubits in
superposition, the quantum computer applies the
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Fig. 1 — Standard sequence of steps in Shor’s algorithm

operation to all of the states in the superposition at the
same time. To put it another way, a quantum computer
can evaluate a function on multiple inputs simultaneously.
All function outcomes are not directly obtained via this
parallelism, though; rather, it enables quantum algorithms
to use interference and measurement to extract global
features from the system, such as periodicity or patterns'”.

For instance, exponential scalability is made possible
by the simultaneous representation of 23 = 8 states by 3
qubits. The key example of quantum parallelism in
operation is Shor’s technique for integer factorization.
The approach computes a*mod N for every x in
parallel by preparing a superposition of all potential
exponents and applying quantum parallelism. The order
of the function is then extracted using the Quantum
Fourier Transform (QFT), which is utilized to determine
the factors of N.

2.2 Shor’s Algorithm

Shor's algorithm solves the challenge of identifying
the prime factors of a composite integer N in polynomial
time on a quantum computer, which may crack RSA
encryption'. The approach reduces factorization to a
period-finding issue and employs quantum phase
estimation using the QFT. The general sequence of
steps followed in Shor’s algorithm is shown in Fig. 1
describing way a composite number N is factored by
algorithm leveraging quantum parallelism and QFT
for period finding.

2.3 Quantum Fourier Transform

The QFT provides the foundational framework for
the development of Shor’s algorithm. It enables the
efficient determination of a function’s period, a critical
step in factoring large integers. The following sections
provides a detailed explanation of the algorithm
emphasizing the central role of the QFT'* ™",

2.3.1 Problem Configuration

The goal is to find non-trivial prime factors of a
composite number N. Select a random number so that
1 < a < N (Here a is randomly chosen integer coprime
to N) and ged (a, N) = 1. If ged (a, N) > 1, a factor is
found immediately. Then define the function f(x) =
a*mod N. This function is periodic with period r,
meaning f{x} = f(x + r). Determining this period  is
the quantum part of the algorithm'.

2.3.2 Set up the Quantum Registers

Select two quantum registers to be used. The first
register is then initialized in a superposition of all
possible values of x as described in Eq. (2).
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Here, Q is the dimension of Hilbert space, i.e. the
total number of computational basis states included in
the superposition.

where, Q is a power of 2 such that Q > N2

The second register is initialized to | 0), and then
modular exponentiation is applied as described by Eq.

Q3).
75 2820 1% 1 £60) Q)

This entangles the input x with its function value f{x)".

2.3.3 Measure the Second Register

The wave function collapses to superposition of only
those x values that correspond to a certain function
output (x,) when the second register is measured. The
first register becomes a superposition of states separated
by the unknown period r due to the periodicity of the
function. The first register takes the form of Eq. (4).
=T xo + kr) - (4)

where, M is the number of terms in the

superposition and M = 2 Here, n is the size of the

computational basis and order r is the function.

2.3.4 Apply the Quantum Fourier Transform (QFT)

The QFT is applied to the first register. The
periodic superposition is mapped by the QFT to a
state with high probability amplitudes at multiples of
Q/r. In terms of mathematics, QFT transforms as
described in Eq. (5).

2misj
jmoe ) = —k=Q.2 - (5)

The measurement of first register after the QFT
gives a value k which is close to some integer multiple

of 2.
T

Figure 2 illustrates a 5-qubit quantum register
undergoing a QFT followed by a bit-reversal (swap)
operation. Each qubit labeled ¢o through g¢. is
initialized in the |0) state with the QFT applied
beginning from the lowest-order qubit (g+). The QFT
circuit maps quantum basis states onto their
corresponding frequency components by introducing
relative phase shifts through Hadamard and
controlled-phase rotation gates. Finally, qubit swaps
are performed to reverse the bit order. QFT plays a
pivotal role in algorithms such as Shor’s, where it
enables the extraction of periodicity from quantum
states'*'®. The simulation is performed using 1024
shots under ideal conditions, without incorporating
any noise model.

2.3.5 Post-processing in the classical sense (continued fraction
expansion)

From the measured value k, the ratio k/Q is
computed and approximated as s/r, where s and r are
integers, using the continued fraction method'*?'. Use
continued function expansion to find a fraction close

k ) . . .
to o The denominator of this fraction is the candidate

for the period r. Once a candidate r is obtained, verify
that r is even and that it fulfills condition a'/2 #
—1 (mod N). If both conditions hold, compute
gcd(ar/ 2) + 1, N. These are non-trivial factors of N.
If either condition fails, the standard procedure is to
repeat the algorithm with a different random base a or
to consider an alternative convergent from the
continued-fraction expansion.

3 Materials and Methods

3.1 Period Finding in Shor’s Algorithm
The core classical problem that Shor’s algorithm
solves is period finding for the function in Eq. (6).

f(x) =a*mod N ... (6)
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Fig. 2 — 5-qubit QFT circuit is constructed using a systematic sequence of Hadamard gates and controlled phase-rotation gates to realize the
desired transformation. The circuit is implemented and simulated using the Qiskit framework with the Aer Simulator backend to verify its

functionality
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where, integers a and N both are positive, there is
no factor in common between them, and a is less than
N. The smallest non-zero integer is the period or order
(), which means that a* mod N = 1. The order (or
period) r of amodulo N is the smallest positive
integer satisfying a” =1 (mod N). Finding this
period r is the central objective of the quantum
subroutine: once r is known, the factorization of N
can often be obtained by classical post-processing.

Figure 3 illustrates an example plot of f(x) =
a*modN. The plotted markers indicate integer x
values. The connecting lines simply help with visual
perception and are not meant to represent intermediate
(non-integer) states. The following conditions
represent three different scenarios arise in finding
period r

3.1.1 Condition 1

If the value a is less than N but not equals to zero
(1 < a < N) then the function f(x) shown in Fig. 3 is
periodic with some positive period r. Consider an
example with parameters: N = 46, a = 3, where a is
less then and not equal to 1 (a < N) and gcd(a,N) =
1 (here no common factors).

The function 3* mod 46is a periodic with the
period 7 = 11, meaning 3**11 mod 46 = 3*mod 46
for all x
Now quantitively;

Atx = 0,3% mod 46 = 1.

Atx = 1,3 mod 46 = 3.

Atx = 11,3 mod 46 = 1. (It indicates start of
the cycle)

It is observed that here every 11 steps, the values

fluctuate between 0 and 40, with lows near 0 to 5 and
peaks around 35 to 40.

3.1.2 Condition 11

If gcd (a,N) > 1, then integer a already shares a
nontrivial factor with N. In this case the algorithm
immediately yields that common factor (and
factorization proceeds classically), so the order-finding
subroutine is unnecessary. In other words, a common
divisor of a and N provides a direct certificate of
compositeness. Then the output has not any value of 7,
that is r = 0, as shown in Fig. 4.

3.1.3 Condition 111

If the selected base a is greater than the modulus
N, it is first reduced modulo N and replaced by
amodN. This reduction ensures that the analysis is
carried out within the valid range 1 < a < N. The

periodic behavior of the function depends solely on
this reduced residue.

f(x) = a*modN .. (7)

Consequently, when a > N, the original value of
ahas no influence on the outcome; instead, the existence
of a valid period r depends entirely on the reduced value
amod N and on whether gcd (a, N) = 1.

If the reduced value amodN is not coprime with
N, the function fails to exhibit periodic behavior, and
no valid order exists. In such cases, the period is taken
as r = 0, as illustrated in Fig. 5.

3.2 Decoding Shor’s Algorithm

Shor’s algorithm uses quantum phase estimation
(QPE) on the unitary operator U |y) = |ay mod N)
encapsulating modular exponentiation. To understand
the algorithm, consider an eigenstate (U). If it is start from

35 1

25 A

20 A

3%mod 46

15 1

10 1

o} 10 2'0 32) 4'0 SZ)
X numbers of integers
Fig. 3 — TIllustration of the periodic function f(x) = a*modN

for N =46 and a = 3. The function exhibits a clear periodic
pattern with a period r = 11, where f(x + 11) = f(x) forall x

o 10 20 30 40

X (Numbers of integers)

Fig. 4 — Plot of the modular exponential function f(x) =
a*modN when gcd (a, N) > 1. In this case, a shares a nontrivial
common factor with N, providing an immediate classical factor of
N. The function does not exhibit periodicity, indicating that the

order r is undefined (r = 0)
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computational basis state |1), then every subsequent
application of U multiplies the state of our register by
a (mod N). After r applications, the state is reached |1)
once more. For instance, when N = 46 and a = 3.

Ul1)=13)
U?|1) = 9)
U3|1)=127):
UTt1) = [31)
uTi1) =11)

Figure 6 illustrates how a quantum register is affected
when a quantum unitary operation U is applied
repeatedly. It is an essential component of the quantum
period finding subroutine, a crucial step in Shor's
technique for factoring big numbers. Here, the order 11
is indicated by the pattern repeating every r = 11 steps.
This is most likely a simulation of the Shor's
Algorithm's modular exponentiation circuit.

4 Results

Figure 7 depicts block diagram of Shor’s algorithm
illustrating the main functional components of the
quantum circuit. The process consists of four major
stages: quantum register initialization, controlled
modular multiplications, application of the inverse
QFT, and final measurement. Together, these blocks
implement the quantum period-finding subroutine
essential for efficient integer factorization.

The main component of Shor's algorithm for
factoring a number 15 using base 7 is represented by
this quantum circuit. The functions of each
component are broken down as follows:

4.1 Initialization

In Fig. 7 of circuit implementation, the top three
qubits qq,q4,and g, play the role of the control
register and are initialized using Hadamard gates (H)
to create a uniform superposition of all possible
exponent states |x). The qubit g5 is initialized to the
state |1) by applying an X gate, setting its initial value
to one for modular multiplication. The remaining
qubits i.e. g, to g4 act as ancilla qubits for supporting
the modular exponentiation process during the
execution of the algorithm.

4.2 Modular Exponentiation

The controlled unitary operations in the circuit are
designed to compute 7*mod15, where x represents
the binary value encoded in the control qubits. Each
modular multiplication block corresponds to a
specific power of the base and is conditionally applied

depending on the state of the control register.
Specifically, the circuit implements controlled
modular multiplications of 7'mod15, 7?mod15,
and 7*mod15, thereby simulating the modular
exponential ~ function  f(x) = a*modN  with
parameters a =7 and N = 15. These controlled
operations collectively enable the period-finding
subroutine playing critical operation in Shor’s
algorithm.

4.3 Inverse Quantum Fourier Transform (IQFT)

After the function 7*mod15 is encoded into the
quantum state, the inverse QFT is performed on the
control register to extract the order of the function
through quantum interference. This transformation
converts the phase information accumulated during
the modular exponentiation into a measurable form,
enabling the identification of the order r, satisfying
the relation a” mod N = 1. Calculation of this period
is the main objective of the quantum subroutine in
Shor’s algorithm. It provides the essential information
required for efficient integer factorization.

35 1

o 10 20 30 40 50
X (Numbers of integers)

Fig. 5 — Plot of f(x) = a*modN for a > N. After reduction of
amodulo N, no periodic behavior is observed, indicating r = 0

End State of register
B R N N w
5 & 8 &6 & &
L L L s

w
I

r———
oA
o 10 20 30 40 s0
Numbers of applications of U
Fig. 6 — Simulation of repeated applications of the unitary

operator U in Shor’s algorithm, showing periodic evolution of the
quantum register with period r = 11
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q0: & 0 -|M|—

. : <]
ql: T IReEI LMJ
q2: i F 2 LM
q3: 0 H 0 H o
q 4: 1 H 1 H 1

771 mod 15 7°2 mod 15 774 mod 15
qs: 2 H 2 H 2
q6: 3 H 3 H 3
c: 3/
o 1 2

Fig. 7 — Block-level representation of Shor’s algorithm showing the key stages register initialization, controlled modular multiplications,
inverse QFT, and measurement. The algorithmic implementation and simulation has been carried out using the Qiskit framework with the Aer

Simulator backend
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Fig. 8 — Modular exponential function f(x) = 7*mod15
showing periodicity with period r =4 enabling the
factorization of N =15 in Shor’s algorithm through
computation of ged (a’™/? + 1, N)

4.4 Measurement

The control qubits are measured, giving a classical
outcome related to the period r, which is used in
classical post-processing to find the factors of 15.
This circuit is used to find the order r of 7 modulo 15,
once 7 is found (say r = 4), Shor’s algorithm uses
gcd(7r/ 2) + 1,15 to find nontrivial factors of 15 (in
this case 3 and 5). The simulation results obtained
from circuits in Fig. 7 are shown in Fig. 8.

The 3-qubit measurement outcomes are shown
using zero-padded 8-bit binary labels for
visualization purposes.

The results confirm that the function f(x) =
7* mod 15 contains r = 4. In order to support factor
15; this value must be determined precisely in Shor's
method. The Fig. 8 results confirm that the modular
exponential function f(x) = 7*mod15 shows a
order r = 4. It means 7***mod 15 = 7*mod15 for

Table 1 — Resource metrics of the quantum circuit

Metric Value
Qubits 5
Hadamard gates 5
Controlled-phase gates 10
SWAP gates 2
Total logical gates 17
CNOT-equivalent gates =16
Logical circuit depth =10
Hardware depth (IBM devices) ~20-25

all integer values of x. Computing the period is the
main goal assigned to quantum subroutine in Shor’s
algorithm. The period r provides the essential
information needed to factorize N = 15 efficiently.
Once the value r =4 is obtained, the subsequent
classical post-processing step through computation of
ged (a”/? + 1, N) produces the non-trivial factors of
15.

4.5 Efficiency of the Algorithm

According to Fig. 8, Shor's algorithm has a high
efficiency for the tiny instance of N = 15 with a order
r = 4. The circuit efficiently estimates the period by
utilizing QPE and a small number of quantum gates
and qubits. The practical efficiency of Shor’s
algorithm depends on the performance of quantum
hardware and the effectiveness of error correction
aspects not addressed in this paper. Theoretically, the
algorithm exhibits polynomial scaling with logN,
delivering an exponential speedup over classical
factoring methods for large integers. The main
resource metrics of the quantum circuit, such as the
number of qubits, the distribution of gates, and the
total circuit complexity are compiled in Table 1.

4.6 Challenges and Future Directions
There are several obstacles to implementing Shor's
algorithm with the QFT including high error rates,
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limited qubit count, and deep circuit requirements
that are difficult for modern quantum hardware to
meet. Modular exponentiation and precise QFT
implementation need a lot of resources and are prone
to error propagation. Developing error mitigation
strategies, building hardware-efficient circuits, and
improving QFT through approximations are all part of
future progress. There are encouraging avenues for
testing on sophisticated quantum systems and hybrid
quantum-classical models.

5 Conclusion

The principal quantum mechanism underpinning
Shor’s algorithm is the QFT which transforms quantum
states into the frequency domain to extract the order of
the modular function f(x) =a*modN. By
calculating this period, the algorithm enables efficient
factorization of large integers which go beyond
existing classical algorithms. Experimental
demonstrations so far proved the factorization of small
numbers (N = 15) just validating the fundamental
concepts of the algorithm. The exponential speedup
promised by Shor’s algorithm underscores the
profound potential of quantum computing specifically
in cryptography challenging the security assumptions
of existing classical encryption schemes such as RSA.
Although Shor's technique is groundbreaking in

principle, qubit defects, scaling problems, and
hardware constraints pose significant practical
obstacles.
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