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This paper presents a concept for a quantum simulator based on a superconducting qubit coupled to a readout resonator, 
designed to experimentally emulate the band structure of a one-dimensional crystal. The superconducting qubit, with its 
intrinsic periodic potential from the Josephson effect, serves as a direct analog of an electron in a periodic lattice. The 
Hamiltonian of the system is analyzed in two complementary regimes: the weak-coupling regime, corresponding to nearly-
free electrons, and the strong-coupling regime, corresponding to electrons in the tight-binding limit. We show that the 
system can be continuously swept between these regimes using a flux-tunable symmetric DC-SQUID to vary the effective 
Josephson energy. To probe the resulting band structure, we propose an experimental method based on two-tone 
spectroscopy, which maps the qubit's flux-dependent transition spectrum via the dispersive shift of a coupled resonator. 
Numerical simulations confirm the feasibility of this approach, visualizing the transition from a broad band dispersion in the 
weak-coupling limit to exponentially narrow bands in the strong-coupling limit. This platform demonstrates how tunable 
superconducting circuits can be used as versatile quantum simulators for fundamental solid-state physics phenomena. 
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1 Introduction 
Currently, small-scale superconducting circuit-based 

systems are primarily used in the field of verifying 
fundamental principles of quantum computing and 
demonstrating proof-of-concept for various 
architectures1-3. There exists an alternative paradigm 
for utilizing such platforms: it involves the direct use of 
the native quantum properties of these artificially 
created systems for the experimental study of 
fundamental physical models. High parameter 
controllability, configurable interactions, and advanced 
state readout techniques enable the implementation of 
Hamiltonians describing collective effects and phase 
transitions in model quantum systems. Previous studies 
on quantum simulators have employed various 
approaches that exploit quantum phenomena in qubit 
arrays. For instance, the suitability of fixed-frequency 
transmon qubits with fixed interactions for the 
analogue quantum simulation of spin systems has been 
assessed4. Separately, a transmon chain realizing the 
Bose–Hubbard model with attractive interactions was 
presented5. The qubits in this chain incorporate 
asymmetric SQUIDs, enabling the degree of disorder 
in the system to be tuned via a uniform external 

magnetic field. This idea is generalized in further 
work6 to the case of a two-dimensional transmon array. 
This work presents a fundamentally different concept 
of a quantum simulator based on a single qubit coupled 
to a readout resonator, demonstrating that the system 
reproduces the band structure of a model one-
dimensional crystal. To tune the energy levels of the 
artificial quantum system under consideration, we 
propose employing a symmetric SQUID, whose 
Josephson energy turns to zero at a specific value of the 
applied magnetic flux. 

The central part of the proposed device is a 
superconducting qubit. It is a circuit whose quantum 
behavior originates from the Josephson effect — the 
coherent tunneling of Cooper pairs through a thin 
insulating barrier7. This effect provides a periodic 
potential 𝑈ሺ𝜑ሻ ൌ െ𝐸௃cos𝜑 for the superconducting 
phase difference 𝜑, making the superconducting 
qubit an artificial analog of an electron in a one-
dimensional crystal lattice. The qubit Hamiltonian is  

𝐻෡ ൌ 4𝐸஼൫𝑛ො െ 𝑛௚൯
ଶ
െ 𝐸௃cos𝜑ො  … (1) 

where 𝜑ො  is the phase operator and 𝑛ො is the Cooper-
pair number operator, satisfying the commutation 
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relation ሾ𝜑ො ,𝑛ොሿ ൌ 𝑖. Effective circuit diagram of the 
superconducting qubit is shown in Fig. 1. The 
Josephson junction provides a periodic potential 
𝑈ሺ𝜑ሻ ൌ െ𝐸௃cos𝜑, while the gate charge 𝑛௚ ൌ
𝐶௚𝑉௚/ሺ2𝑒ሻ is controlled by an external voltage 𝑉௚. 

A direct analogy exists between this Hamiltonian 
and that of an electron in a one-dimensional periodic 
crystal: 𝜑ො  plays the role of a spatial coordinate, and 𝑛ො 
corresponds to the quasimomentum. The first term in 
the Hamiltonian (1) represents kinetic energy, and the 
second a cosine lattice potential. As in a solid, band 
gaps open at the Brillouin zone boundaries due to 
Bragg scattering, which forbids propagating waves 
with wavevectors at the zone edge. At these points the 
eigenstates become standing waves, symmetric or 
antisymmetric with respect to the potential minima, 
leading to an energy splitting. The existence of such 
band gaps has a simple qualitative interpretation: 
solutions to the Schrödinger equation at the Brillouin 
zone boundary can only have the form of standing 
waves. Referring to the Josephson junction potential 
shown in Fig. 2, since the interaction potential of a 
particle with such a chain of “atoms” is symmetric 
with respect to zero, the probability distribution of 
finding a particle at a given location must also be 
symmetric with respect to zero. Consequently, 
standing wave solutions with the Brillouin wave 
vector can be either even or odd. In one case, the 
probability density has maxima at the “atomic” sites, 
while in the other, it has minima at the “atomic” 
positions. For a free particle, these states would have 
the same energy; however, in the periodic potential, 
due to such spatial probability distribution, the 
energies of these states are different. The qubit 

spectrum therefore naturally exhibits a one-
dimensional crystal band structure.  

 
2 Methods 

The stationary Schrödinger equation for 
Hamiltonian (1) can be solved exactly in the phase 
basis using special Mathieu functions8. However, this 
paper does not employ this analytical solution but 
instead take a different approach, inspired by the 
physical analogy. In the following sections we 
analyze Hamiltonian (1) in two complementary limits: 
the weak-coupling regime (𝐸௃ ≲ 𝐸஼), corresponding 
to a shallow potential and nearly-free electrons, and 
the strong-coupling regime (𝐸௃ ≫ 𝐸஼), corresponding 
to deep wells and tightly bound electrons. The method 
of sweeping the quantum simulator between these 
regimes and the experimental concept are then 
presented. 

 
2.1 Weak-Coupling Regime  

When 𝐸௃ is relatively small (𝐸௃ ≲ 𝐸஼), the periodic 
potential 𝑈ሺ𝜑ሻ ൌ െ𝐸௃cos𝜑 can be treated as a 
perturbation on the free-particle spectrum 𝐸௡ ൌ
4𝐸஼𝑛ଶ. The nearly free electron model describes 
electrons in a crystal as weakly interacting with the 
periodic potential of the atom lattice, which primarily 
perturbs their behavior by opening energy gaps at the 
boundaries of the Brillouin zone, while otherwise 
allowing them to behave similarly to a free electron 
gas9. In the crystal analogy, wavevectors differing by 
a reciprocal lattice vector are equivalent; here, 
shifting the momentum origin is equivalent to 
changing the gate charge 𝑛௚. The free-particle 
parabolas intersect at 𝑛 ൌ േ1/2 (the Brillouin-zone 

 

 
 

Fig. 1 — Effective circuit diagram of the superconducting qubit:
Josephson junction shunted by the capacitance 

 

 

Fig. 2 — On the principle of simulation of one‑dimensional 
crystal lattice. The dotted lines show the even (red) and odd (blue)
solutions for the standing wave, and the corresponding solid lines
show the probability density for these solutions 
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boundary), where the unperturbed states |𝑛 ൌ 1/2⟩ 
and |𝑛 ൌ െ1/2⟩ are degenerate. For a degenerate 
level (where multiple wavefunctions correspond to 
the same energy) any linear combination of these 
wavefunctions also represents a state with that  
same energy. Consequently, the application of a 
perturbation not only admixes wavefunctions of states 
with different energies but also induces a "rotation" of 
the basis within the degenerate subspace10. It is this 
“rotation” that gives rise to first-order corrections to 
the energy; their calculation reduces to finding the 
eigenfunctions of the perturbing operator 𝑈ሺ𝜑ሻ within 
the degenerate subspace. Applying degenerate 
perturbation theory with 𝑈ሺ𝜑ሻ ൌ െ𝐸௃cos𝜑 in this 
two-dimensional subspace, the matrix elements are 
computed using 

 

cos𝜑ො ൌ
ଵ

ଶ
∑ ሺ|𝑛⟩⟨𝑛 ൅ 1| ൅ |𝑛 ൅ 1⟩⟨𝑛|ሻ௡    … (2) 

 

The perturbation matrix is 
 

𝑈௡௡ᇲ ൌ ൬
0 െ𝐸௃/2

െ𝐸௃/2 0 ൰   … (3) 

 

whose eigenvalues േ𝐸௃/2 lift the degeneracy, 
giving the split energies at 𝑛 ൌ 1/2: 

 

𝐸േ ൌ 𝐸஼ േ
ா಻
ଶ

  ... (4) 

 
To find the dispersion near the zone boundary, we 

expand the kinetic term around 𝑛 ൌ േ1/2, writing 
𝑛 ൌ 1/2 ൅ 𝛿𝑛. Keeping terms linear in 𝛿𝑛, the total 
Hamiltonian in the subspace becomes 

 

𝐻ሺ𝛿𝑛ሻ ൌ ൬
4𝐸஼𝛿𝑛 െ𝐸௃/2
െ𝐸௃/2 െ4𝐸஼𝛿𝑛

൰    ... (5) 

Diagonalizing gives 
 

𝐸േሺ𝛿𝑛ሻ ൌ 𝐸஼ േ ටቀ
ா಻
ଶ
ቁ
ଶ
൅ ሺ4𝐸஼𝛿𝑛ሻଶ  ... (6) 

 
showing the characteristic avoided crossing and the 

opening of a band gap of size 𝐸௃ at the zone boundary 
(Fig. 3). 

 
2.2 Strong-Coupling Regime 

In the opposite limit (𝐸௃ ≫ 𝐸஼), the potential wells 
are deep, and the low‑energy eigenstates are tightly 
localized near the minima 𝜑 ൌ 2𝜋𝑝,𝑝 ∈ 𝛧. This is the 
strong-coupling limit of the crystal problem, electrons 
in a crystal remain largely localized around their 
parent atoms, with their wavefunctions only slightly 
overlapping with those of neighboring atoms9. 
Tunneling between neighboring deep wells hybridizes 
the localized states and leads to the formation of 
energy bands. The band dispersion for the 𝑚th level is 
well approximated by a cosine law8,  

 
𝐸௠൫𝑛௚൯ ൎ 𝐸௠൫𝑛௚ ൌ 1 4⁄ ൯ െ

ఢ೘
ଶ

cos൫2𝜋𝑛௚൯  … (7) 

 
where the bandwidth 𝜖௠ is given by the difference 
 

𝜖௠ ൌ 𝐸௠൫𝑛௚ ൌ 1 2⁄ ൯ െ 𝐸௠൫𝑛௚ ൌ 0൯   … (8)  
  
For 𝐸௃/𝐸஼ ≫ 1, the potential satisfies the 

quasiclassicality criterion, whereby the de Broglie 
wavelength 𝜆 of a particle varies little on its own 
scale. In our case, where 𝜑ො  plays the role of a spatial 
coordinate, it can be shown that 

 

ቚௗఒ
ௗఝ
ቚ~ට

ா಴
ா಻
≪ 1  … (9) 

 
 

Fig. 3 — Eigenenergies Em of the qubit Hamiltonian. (a) The first three energy levels calculated by numerical diagonalizing of
Hamiltonian; (1). (b) The avoided crossing of the first and the second energy levels calculated analytically using perturbation theory
(solid curves) and calculated numerically (dashed curves)   
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In this regime, the behavior of the system 
increasingly resembles that of a classical system. This 
observation highlights intuitive parallel between 
quantum mechanics and wave optics: as wave optics 
reduces to geometric optics in the limit of vanishing 
wavelength, so too does the motion of a quantum 
particle approach a classical trajectory in the  
short-wavelength limit. A systematic derivation of the 
form of the wavefunctions within the Wentzel–
Kramers–Brillouin (WKB) approximation proceeds  
as follows. Starting from the one-dimensional 
Schrödinger equation, one makes an exponential 
ansatz 𝑒𝑥𝑝ሺേ𝑆ሺ𝜑ሻ/ℏሻ for the wavefunction and 
subsequently constructs a formal asymptotic 
expansion for the "action" 𝑆ሺ𝜑ሻ in powers of ℏ using 
an iterative procedure10. The WKB (Wentzel–
Kramers–Brillouin) quasiclassical method11,12 yields 
the asymptotic form of the bandwidth: 

 

𝜖௠ ൎ ሺെ1ሻ௠𝐸஼  
ଶర೘శఱ

௠!
ටଶ

గ
ቀ
ா಻
ଶா಴

ቁ
೘
మ
ା
య
ర 𝑒ିඥ଼ா಻/ா಴  … (10) 

 
Thus, the bands become exponentially narrow  

as 𝐸௃/𝐸஼  increases (Fig. 4), reflecting the suppression 
of tunneling between deep wells. Thus, increase  
of the ratio 𝐸௃/𝐸஼  leads to an exponential decrease of 
the charge dispersion, so qubit transition frequency 
become extremely stable with respect to charge  
noise. This is a key advantage of transmon  
qubits, characterized by high ratio 𝐸௃/𝐸஼. This  
feature allows transmons to be used in quantum 
processors as computational qubits13-15 and coupling 
elements16,17. 
 

2.3 Tuning the Spectrum with a DC-SQUID 

To make the considered quantum simulator more 
versatile, it is important to be able to switch between 
different interaction regimes by adjusting the ratio 
between the Josephson and charging energies. In 
practice, the Josephson energy 𝐸௃ is often made 
tunable by replacing the single junction with a 
SQUID (Superconducting Quantum Interference 
Device)18,19. Direct current SQUID (DC-SQUID) is a 
superconducting loop interrupted by two Josephson 
junctions (Fig. 5). For a SQUID with critical currents 
𝐼௖௔ and 𝐼௖௕, the total supercurrent is  

 
𝐼 ൌ 𝐼௖௔sin𝜑௔ ൅ 𝐼௖௕sin𝜑௕    … (11) 

 
where the phase difference across the SQUID, 

𝜑 ൌ 𝜑௕, and the flux quantization condition gives 
𝜑௔ ൌ 𝜑௕ ൅ 2𝜋𝛷௘௫௧/𝛷଴. 𝛷௘௫௧ is an external magnetic 

flux, 𝛷଴ ൌ
గℏ

௘
 is a magnetic flux quantum. The 

maximum supercurrent (the critical current of the 
SQUID) is  
 

𝐼୫ୟ୶ ൌ ට𝐼௖௔ଶ ൅ 𝐼௖௕
ଶ ൅ 2𝐼௖௔𝐼௖௕cos ቀ2𝜋

ః೐ೣ೟
ఃబ

ቁ  … (12) 

 
Introducing 𝐼௖ఀ ൌ 𝐼௖௔ ൅ 𝐼௖௕ and the asymmetry 

parameter 𝑑 ൌ ሺ𝐼௖௔ െ 𝐼௖௕ሻ/𝐼௖ఀ, Eq. (12) can be 
rewritten as  
 

𝐼୫ୟ୶ ൌ 𝐼௖ఀcos ቀ
గః

ఃబ
ቁට1 ൅ 𝑑ଶtanଶ ቀ

గః೐ೣ೟
ఃబ

ቁ  … (13) 

 
 

Fig. 4 — Eigenenergies Em of the qubit Hamiltonian (1) as a
function of the charge n in strong-coupling regime (𝐸௃/𝐸஼ ൌ 10ሻ. 
The first four energy levels calculated by numerical diagonalizing
of Hamiltonian (1) 

 
 

Fig. 5 — Superconducting Quantum Interference Device
(SQUID): two parallel connected Josephson junctions 𝑎 and 𝑏
(shown in blue). The contour of the SQUID is permeated by an 
external magnetic flux 
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Since 𝐸௃ ൌ ℏ𝐼௖/ሺ2𝑒ሻ, the effective Josephson 
energy of the qubit becomes flux‑tunable:  

 
𝐸௃ሺ𝛷ሻ ൌ

𝐸௃ఀ ቚ cos ቀ
గః

ఃబ
ቁቚට1 ൅ 𝑑ଶtanଶ ቀ

గః೐ೣ೟
ఃబ

ቁ ,  𝐸௃ఀ ൌ
ℏூ೎೸
ଶ௘

    

  … (14) 
 
For a symmetric SQUID (𝐼௖௔ ൌ 𝐼௖௕ ,𝑑 ൌ 0), the 

formula for the effective Josephson energy is 
simplified:  

 

𝐸௃ሺ𝛷ሻ ൌ 𝐸௃ఀ ቚ cos ቀ
గః೐ೣ೟
ఃబ

ቁቚ   … (14) 

 
By varying the magnetic flux 𝛷௘௫௧, one can 

therefore continuously sweep the system from the 
weak‑coupling (𝐸௃ ≪ 𝐸஼) to the strong‑coupling 
(𝐸௃ ≫ 𝐸஼) regime, covering all intermediate cases. 
The symmetric DC-SQUID described by formula (15) 
can tune the Josephson energy to arbitrarily small 
values. Thus, by choosing a relatively small charging 
energy ሺ𝐸஼/ℎ ൎ 0.1 GHzሻ and using a DC-SQUID 
with identical Josephson junctions (𝐸௃௔/ℎ ൌ 𝐸௃௕/ℎ ൎ
1 GHz), the ratio 𝐸௃ሺ𝛷ሻ/𝐸஼  can be varied over a wide 
range, switching the simulator between the weak- and 
strong-coupling regimes. The proposed energy 
parameters are technologically feasible and 
operational in experiments20. The Josephson energy is 
determined by the critical current 𝐼௖ of the junction 
according to the formula 𝐸௃ ൌ ℏ𝐼௖/ሺ2𝑒ሻ. A Josephson 
energy of 1 GHz corresponds to a critical current of 
approximately 2 nA. There exists established 
fabrication experience for producing Josephson 
junctions with such parameters21. 

 
2.4 Experimental Concept: Two-Tone Spectroscopy 

To experimentally observe the band structure 
described theoretically in the previous sections, a 
method is required to measure the qubit transition 
frequency as a continuous function of the external 
flux 𝛷, which controls the effective lattice depth 
𝐸௃ሺ𝛷ሻ. The qubit’s flux-dependent transition 
spectrum can be mapped experimentally using two-
tone spectroscopy. Various techniques exist for 
readout the quantum state of a qubit, including 
resonant readout using a SQUID22, readout via a 
quantum point contact23,24, and the most widely 
adopted method — dispersive readout employing a 
resonator coupled to the qubit19. The dispersive 

readout approach underlies the two-tone spectroscopy 
concept. Figure 6 shows the equivalent circuit of the 
qubit capacitively coupled to the resonator. The 
measurement scheme involves two independent 
microwave drives. The first one is a probe tone of 
fixed frequency 𝜔௣ applied to the readout resonator to 
monitor its response. The second tone is a pump tone 
of variable frequency 𝜔ௗ applied directly to the qubit 
to excite transitions. The system Hamiltonian in the 
presence of these drives is  

 
𝐻෡ሺ𝑡ሻ ൌ 𝐻෡଴ ൅ 𝐻෡ୢ୰୧୴ୣሺ𝑡ሻ  … (16) 

 
where the unperturbed part is  
 

𝐻෡଴ ൌ
ℏఠ೜

ଶ
𝜎ො௭ ൅ ℏ𝜔௥𝑎ොற𝑎ො ൅ ℏ𝑔൫𝑎ො ൅ 𝑎ොற൯𝜎ො௫   … (17) 

 
and the drive term explicitly contains both signals:  
 

𝐻෡ୢ୰୧୴ୣሺ𝑡ሻ ൌ
ℏ𝜖௣൫𝑎ො ൅ 𝑎ොற൯cos൫𝜔௣𝑡൯ ൅ ℏ𝜖ௗ𝜎ො௫cosሺ𝜔ௗ𝑡ሻ   … (18) 

 
Here 𝜖௣ and 𝜖ௗ are the amplitudes of the probe and 

pump drives, respectively. The detection relies on the 
input-output formalism for the resonator. The 
Heisenberg equation for the resonator mode 𝑎ොሺ𝑡ሻ, 
including coupling to a transmission line with decay 
rate 𝜅, is  

 

𝑎ොሶ ൌ െ𝑖ൣ𝑎ො,𝐻෡଴൧ െ
𝜅
2
𝑎ො െ 𝑖𝜖௣𝑒

ି௜ఠ೛௧ െ √𝜅 𝑏෠୧୬ሺ𝑡ሻ 

   … (19) 
 

where 𝑏෠୧୬ሺ𝑡ሻ is the quantum operator representing 
the incoming field on the transmission line. The 
considered resonator dissipation model is not 
applicable in the case of strong coupling25. The input-
output relation  

 
 

Fig. 6 — Equivalent circuit of the qubit capacitively coupled to
the resonator 
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𝑏෠୭୳୲ሺ𝑡ሻ ൌ 𝑏෠୧୬ሺ𝑡ሻ ൅ √𝜅 𝑎ොሺ𝑡ሻ   … (20) 
 
connects the outgoing field 𝑏෠୭୳୲ to the intra-

resonator field. In the dispersive regime (|𝛥| ൌ
ห𝜔௤ െ 𝜔௥ห ≫ 𝑔), the effective Hamiltonian obtained 
via a Schrieffer-Wolff transformation26 is  

 

𝐻෡ୢ୧ୱ୮ ൎ
ℏ

ଶ
൫𝜔௤ ൅ 2𝜒𝑎ොற𝑎ො൯𝜎ො௭ ൅ ℏሺ𝜔௥ ൅ 𝜒𝜎ො௭ሻ𝑎ොற𝑎ො  

  … (21) 
 
with 𝜒 ൌ 𝑔ଶ/𝛥. The resonator frequency is shifted 

by േ𝜒 depending on the qubit state (⟨𝜎ො௭⟩ ൌ േ1). 
For a weak probe, the steady-state resonator 

response can be treated linearly. The expectation 
value 𝛼 ൌ ⟨𝑎ො⟩ satisfies  

 

𝛼ሶ ൌ െ ቂ𝑖ሺ𝜔௥ ൅ 𝜒⟨𝜎ො௭⟩ሻ ൅
఑

ଶ
ቃ 𝛼 െ 𝑖𝜖௣𝑒

ି௜ఠ೛௧   … (22) 

 
In the rotating frame at 𝜔௣, the stationary solution 

is  
 

𝛼 ൌ
ି௜ఢ೛

௜ൣఠ೛ିఠೝିఞ⟨ఙෝ೥⟩൧ା఑/ଶ
   … (23) 

 
Substituting into the input-output relation and 

taking the average gives the complex transmission 
coefficient  

 

𝑆ଶଵ൫𝜔௣൯ ൌ
ൻ௕෠౥౫౪ൿ

ൻ௕෠౟౤ൿ
ൌ 1 െ

఑

௜ൣఠ೛ିఠೝିఞ⟨ఙෝ೥⟩൧ା఑/ଶ
   … (24) 

 
The qubit state population ⟨𝜎ො௭⟩ is controlled by the 

pump tone. When 𝜔ௗ matches the qubit transition 
frequency 𝜔௤ᇱ ൌ 𝜔௤ ൅ 2𝜒ൻ𝑎ොற𝑎ොൿ, the qubit is excited, 
changing ⟨𝜎ො௭⟩ from െ1 (ground) towards 1 (excited). 
This shifts the effective resonator frequency 𝜔௥ →
𝜔௥ ൅ 𝜒⟨𝜎ො௭⟩, altering 𝑆ଶଵ. Thus, by fixing 𝜔௣ near 𝜔௥ 
and sweeping 𝜔ௗ and the flux 𝛷 (which tunes 𝜔௤), 
one records dips in |𝑆ଶଵ| or shifts in its phase 
whenever 𝜔ௗ crosses a qubit transition. This produces 
a two-dimensional map 𝑆ଶଵሺ𝜔ௗ ,𝛷ሻ that directly 
visualizes the qubit’s flux-dependent spectrum. 

 
2.5 Numerical Calculation Details 

The energy spectrum of the qubit was obtained by 
numerical diagonalization of its Hamiltonian in the 
charge basis. The operator for the number of Cooper 
pairs 𝑛ො, was discretized on a finite symmetric grid.  

In the numerical simulation the first six eigenstates 
were taken into account. The Hamiltonian matrix was 
constructed using a second-order finite-difference 
scheme, with zero boundary conditions imposed on 
the wave function at the grid boundaries. The 
resulting large, sparse, Hermitian matrix was 
diagonalized using the implicitly restarted Lanczos 
method27. This approach is well-suited for sparse 
Hermitian eigenvalue problems. The calculation 
targeted the smallest algebraic eigenvalues, and a high 
iteration limit of 4000 was set to achieve robust 
numerical convergence. The convergence of the 
numerical method is confirmed by comparing its 
results with approximate analytical models (perturbation 
theory and quasi-classical approximation) for parameter 
regimes where their respective strong- and weak-
coupling approximations are valid. The discrepancy 
between the results obtained using analytical and 
numerical methods does not exceed 1 %. 

A numerical simulation of the two-tone 
spectroscopy process was performed by solving the 
time-dependent Schrödinger equation for the 
composite Hamiltonian of the qubit and resonator 
with two pump signals applied to the resonator (the 
first tone) and the qubit (the second tone). Scanning 
was performed over the frequency of the signal 
applied to the qubit and over the magnitude of the 
magnetic flux in the qubit loop. The qubit and 
resonator are represented as two-level systems, which 
limits the correct description of the process only to the 
case of a small number of photons in the resonator 
and a low probability of populating the second excited 
state of the qubit. To simulate the dependence of the 
𝑆ଶଵ parameter on signal frequency and magnetic flux, 
the phenomenological formula (24) for the linear 
response of the resonator was used, relating the 
reflection coefficient to the shift in the effective 
resonator frequency, which depends on the qubit state. 
The numerical solution of the time-dependent 
Schrodinger equation was performed by the adaptive 
Runge-Kutta method of order 5(4). This method uses 
the Dormand-Prince pair of formulas28, the error is 
controlled assuming accuracy of the fourth-order 
method accuracy, but steps are taken using the fifth-
order accurate formula. To ensure the high fidelity 
required for quantum dynamical simulations, the 
relative error tolerance was set to 10-8. This strict 
criterion guarantees the convergence of the numerical 
solution by forcing the adaptive step-size controller to 
maintain the local truncation error per step at an 
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extremely small fraction of the solution's magnitude. 
It is essential for accurately resolving the rapid 
oscillatory phases inherent in quantum evolution of 
the considered “qubit-resonator” system, preserving 
the unitary norm of the wavefunction, and ensuring 
the reliability of subsequent physical observables. 
Maximum time step, which was set to 10-11 s, 
provides an upper bound to explicitly capture the 
fastest dynamics present in the system, forming a 
robust convergence. The preservation of the 
normalization of the wave function of the full “qubit-
resonator” system was verified, with the numerical 
error not exceeding 10-5. 

 
3 Results and Discussion 

Numerical simulation was performed for the circuit 
parameters shown in Table 1. Figure 7 (a) shows a 
numerically calculated two-dimensional map of the 
phase of the 𝑆ଶଵ parameter versus the frequency of the 
second tone and the external magnetic flux. In the 
calculation, the qubit was assumed to have a charging 
energy of 𝐸஼/ℎ ൌ 0.1 GHz, the Josephson energies of 
the symmetric SQUID junctions were 𝐸௃௔/ℎ ൌ
𝐸௃௕/ℎ ൌ 1 GHz, and the resonator had a frequency of 
7 GHz with a quality factor of 4000. The plot 

indicates two characteristic points: point "1" at zero 
external flux, corresponding to the maximum 
Josephson energy (𝐸௃ሺ𝛷 ൌ 0ሻ/𝐸஼  ൌ  20ሻ, and point 
"2" at half a flux quantum, where the Josephson 
energy become zero according to Eq. (15). Thus, at 
point "1", the strong-coupling regime is realized  
(Fig. 7 (b)), while at point "2", the energy gaps in the 
charge dispersion disappear — the extreme case of 
the weak-coupling regime (Fig. 7 (c)). The 
experimentally obtained spectrum (Fig. 7 (a)) can be 
interpreted as the dependence of the transition energy 
between adjacent bands is the center of the Brillouin 
zone (at the Γ-point) on the depth of the periodic 
potential. 

The potential impact of realistic device 
imperfections on the operation of the proposed 
quantum simulator is considered. The most critical 
parameter characterizing the imperfection of the 
proposed two-tone spectroscopy setup is the quality 
factor of the resonator. The amplitude–frequency 
response of the readout circuit, which comprises the 
resonator and the output line, is governed by two 
quantities: the external quality factor Q, associated 
with energy loss into the matched readout line and 
measurement apparatus, and the internal quality factor 

 

Table 1 — Device parameters that used in the numerical calculation 

Charge energy 𝐸஼, 
GHz 

Josephson energies of SQUID 
junctions 𝐸௃௔, 𝐸௃௕, GHz 

Critical current of SQUID 
junctions 𝐼௔, 𝐼௕, nA 

Resonator frequency 
𝜔௥/2𝜋, GHz 

Dispersive shift 𝜒, 
MHz 

Quality factor 
of resonator 

0.1 1 2 7 10 4000 
 

 
 

Fig. 7 — (a) Map of the phase of the 𝑆ଶଵ parameter versus the frequency of the second tone and the magnetic flux. (b) The strong-
coupling regime at point 1 (zero external flux). (c) The extreme case of the weak-coupling regime at point 2 (half a flux quantum)   
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Qint, associated with losses intrinsic to the resonator 
(electrically modeled as a series resistor in the LC 
circuit). As established in prior experimental 
studies29,30 the internal quality factor of the readout 
resonator typically exceeds its external counterpart by 
an order of magnitude. Consequently, in the 
theoretical analysis presented in only the external 
quality factor, which determines the decay rate into 
the readout line has been taken into account. As 
shown by formula (24), this parameter directly 
determines the width of the Lorentzian peak in the 
spectroscopic response. Coherent characteristics of 
superconducting qubits (relaxation time and 
dephasing time) are key parameters that determine the 
feasibility of noise-resilient quantum computing. 
However, in the experimental scheme described in the 
paper, these coherent characteristics of a qubit are  
not critical limiting factors. This is because the 
proposed quantum simulation relies on spectroscopic 
measurement of a qubit under continuous microwave 
pump. This distinction highlights a fundamental 
difference between analog quantum simulators and 
universal quantum processors: the latter rely on 
sequences of time-limited control pulses and require 
qubits to retain their quantum states with high  
fidelity throughout algorithm execution. In contrast, 
experiments involving spectroscopy of a qubit–
resonator system impose no such requirement. Indeed, 
several studies31,32 have successfully resolved spectral 
features of such systems with qubit relaxation and 
dephasing times on the order of several microseconds 
– values nearly two orders of magnitude lower than 
those routinely achieved with state-of-the-art quantum 
device technologies. This robustness is particularly 
relevant in the context of the present experiment, 
where the magnetic flux through the qubit loop is 
tuned away from the so-called "sweet spots" – 
operating points at which the qubit transition 
frequency is first-order insensitive to flux noise. 
There are two "sweet spots": first one corresponds to 
the zero magnetic flux in the qubit loop (point 1 on 
Fig. 7 (a)), second one corresponds to the flux 
degenerate point Ф0/2 (point 2 on Fig. 7 (a)). At other 
flux bias values, the qubit becomes susceptible to flux 
noise, resulting in a reduction of the dephasing time. 
In addition, the measured full band structure of the 
simulated one-dimensional crystal includes transitions 
between highly excited states of the qubit, which 
exhibit significantly shorter relaxation and coherence 
times33. Imperfections in the fabrication of Josephson 

junctions can lead to asymmetry in the SQUID. As a 
result, a small nonzero asymmetry parameter d may 
arise, causing the effective Josephson energy to 
remain finite at an external flux equal to half a 
magnetic flux quantum, taking a value of 𝐸௃ఀ|𝑑|, 
according to formula (12). This imposes a limitation 
on the minimum achievable depth of the periodic 
potential in the weak-coupling regime. 

 
4 Conclusion 

A simple yet powerful quantum simulation 
platform based on a superconducting qubit is 
proposed and theoretically analyzed. The system 
naturally reproduces the band structure physics of a 
one-dimensional crystal, with the phase across the 
Josephson junction acting as a spatial coordinate and 
the charge acting as a quasimomentum. By tuning the 
ratio 𝐸௃/𝐸஼  via an external magnetic flux applied to a 
DC-SQUID, the simulator can access both the nearly-
free electron and tight-binding regimes, as well as all 
intermediate cases. In the weak-coupling limit, a band 
gap opens at the Brillouin zone boundary due to 
degenerate perturbation theory. In the strong-coupling 
limit, bands become exponentially narrow, reflecting 
suppressed tunneling between deep potential  
wells a regime directly relevant to the charge noise 
insensitivity of transmon qubits. The two-tone 
spectroscopy technique provides a direct experimental 
method to map the flux-dependent energy spectrum, 
visualizing the simulator's energy transitions. This 
work bridges the fields of superconducting quantum 
circuits and condensed matter physics, highlighting 
the potential of artificial quantum systems as 
programmable simulators for exploring fundamental 
models. The proposed device is technologically feasible 
with current superconducting qubit architectures and 
opens a pathway for simulating more complex quantum 
many-body phenomena in engineered lattices. 
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