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The study and application of multiphase magnetohydrodynamic (MHD) fluid flow in porous media extend to several 

fields including petroleum engineering, environmental engineering, polymer processing and manufacturing, and several 

others. In these industries, the flow of viscous and viscoelastic fluids prevails through various channels where the many flow 

issues exist and require extensive investigation. In the present study, the viscous and viscoelastic immiscible 

magnetohydrodynamic (MHD) fluid flow through a porous horizontal channel between two plates is examined. In the 

channel, the viscoelastic fluid flows in upper region and the viscous fluid flows in the lower region. The flow is considered 

to be through a constant pressure gradient. The porous media of the upper and lower regions have two different 

permeabilities. The governing equations and boundary conditions are derived as per the channel geometry for these flows. 

These differential equations are solved analytically. The roots of the cubic equation in the viscoelastic fluid governing 

equation are obtained for different values of the viscoelastic parameter and permeability coefficient. The boundary 

conditions are applied to these solutions and obtained equations are solved numerically to obtain the values of coefficients 

involved in the solution using a MATLAB program. Finally, the effect of various flow governing parameters is shown on 

velocity profiles through various graphs. The results show that on applying the magnetic field velocity decreases. It has been 

shown that the MHD field application causes a drop in shear stress at the lower plate while increasing in the upper plate. The 

magnetic field effect on volume flow rate is also analysed and found that it increases with increasing magnetic field values. 

The effect of other parameters is also shown on shear stress and flow rate and the results are discussed through various 
graphs and tables. 
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1 Introduction 

The behavior of fluids (liquids and gasses) in 

motion is the subject of fluid dynamics. Its 

fundamental principles and equations have numerous 

applications in various domains. For the design and 

optimization of fluid-flowing systems in engineering, 

such as water treatment plants, ventilation systems, 

and pipelines, fluid dynamics is essential. In 

environmental science studies, fluid dynamics is used 

to describe and forecast natural phenomena such as 

ocean currents, weather patterns, and pollution 

dispersion. Understanding blood flow in the 

cardiovascular system is vital for the diagnosis and 

treatment of diseases like atherosclerosis and 

aneurysms, and fluid dynamics is a valuable tool in 

medical science. In industry, fluid dynamics is used to 

enhance the efficiency of operations such as mixing, 

heating, and chemical reactions. In today’s scenario 

almost in all aspects fluid problems can be observed 

in surroundings. However, modeling these problems 

and getting an accurate solution is a more challenging. 

Researchers across the domain have made significant 

contributions towards modeling these problems in 

complex equations so that they can be close to real 

scenarios and determine their solutions using various 

techniques. In practice, in most of places, two or more 

fluids flows are observed most often rather than a 

single fluid flow. If these fluids are of different 

viscosities or have distinct phases that cannot be 

mixed, they are called immiscible fluids. The 

modeling and solution of such fluid flow is the 

requirement of different industries. 

These days, viscous and viscoelastic fluids that 
flow through various geometries are more common in 
industry. Many investigations are conducted 
regarding the flow of these fluids. The investigation 
on the steady and unsteady flow of incompressible 
viscous fluid was conducted by Kawahara et al. & 
Lalanne et al.

1,2
. Direct numerical simulation 

was performed by Canuto et al. to investigate 
compressible viscous flow around a circular cylinder

3
. 

Liu, Li & Lind et al. used the Smoothed Particle 
—————— 
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Hydrodynamics (SPH) approach and talked about the 
latest developments and future trends in viscous 
incompressible flow modeling

4,5
. A three-dimensional 

viscous incompressible flows problem was solved 
using a new parallel, computationally efficient 
immersed technique by Liska & Colonius

6
. The issue 

of consistent incompressible fluid flow across curved 
pipes was examined by Canton et al.

7
. Computable 

flows and robust estimates for inf-sup stable FEM 
were used for the time-dependent incompressible 
Navier-Stokes equations by Schroeder et al.

8
. Peshkov 

discussed about a hyperbolic model as an alternative 
to the Navier-Stokes equations for viscous Newtonian 
flows

9
. The governing equations of motion for a 

viscous incompressible material surface were 
determined by Jankuhn et al.

10
. 

Researchers also study viscoelastic fluid flow 

problems through different channels using different 

methodologies. The resonance phenomena in 

viscoelastic fluid laminar flow via a pipe were studied 

by Letelier et al.
11

. In their experiment, Ibezim et al. 

investigated the relationship between the fluid 

viscoelasticity and the micro-porous structure through 

their experiment for the flexible polymer flow 

solutions through a unique micro-porous structure
12

. 

Viscoelastic fluid flow across a three-dimensional 

random porous medium was simulated by De et al.
13

. 

The unsteady boundary layer natural convection heat 

transfer of a Maxwell viscoelastic fluid over a vertical 

plate was investigated by Zhao et al.
14

. The impact of 

elasticity on the flow of a viscoelastic fluid  

via a porous pipe was investigated by Barik et al.
15

. 

The non-linear interaction between the moving 

viscoelastic structure and the steady laminar flow 

through a cylinder has been demonstrated by Mishra 

et al.
16

. The universality of coherent structures in the 

transition to turbulence via self-organized cycling in 

linearly stable plane shear flows of both elastic and 

Newtonian fluids was observed by Jha and Steinberg 

during their investigation of flow structures and 

properties of elastic turbulence in viscoelastic fluid 

flow through straight 2D channels
17

. Badami et al. 

examined the laminar fluid hammer phenomenon in 

viscoelastic fluids through a straight axisymmetric 

pipe using the finite volume approach
18

. The 

microscale parametric effects of viscoelastic fluid 

pulsating laminar flow (VPL flow) on heat transport 

have been reported by Zhan et al.
19

. In their study of 

the steady flow of MHD Maxwell viscoelastic fluid 

on a flat porous plate, Sudarmozhi et al. discovered an 

inverse relationship between the Eckert and Nusselt 

numbers
20

. 

Magnetohydrodynamics (MHD) is the study of 

how a magnetic field affects fluid flow in fluid 

dynamics. It significantly impacts how electrically 

conductive fluids behave. Many researchers examine 

the impact of MHD on fluid flow. The MHD effect 

across a moving plate in a rotating fluid with free 

stream velocity was investigated by Takhar  

et al.
21

. Turkyilmazoglu investigated the heat transfer 

and MHD fluid flow caused by a revolving disk that 

is stretching
22

. Free convective heat and mass transfer 

for MHD fluid flow over a permeable vertical 

stretching sheet in the presence of radiation and 

buoyancy influences was studied by Rashidi et al.
23

. 

Mittal used HAM to analyze the water-

based composite MHD fluid flow
24

. The MHD fluid 

flows across an unsteady stretched sheet with thermal 

radiation, changing fluid properties, and heat flux was 

modeled by Megahed
25

. Variable viscosity's impact 

on MHD viscoelastic fluid flow and heat transmission 

across a stretching sheet was investigated by Prasad  

et al. The impact of nonlinear radiation on entropy-

optimized MHD fluid flow was examined by  

Kataria et al.
26

.  

Because immiscible fluid flow problems are 
becoming more practical and challenging, researchers 
have also concentrated on them. The front-tracking/ 
immersed-boundary approach was created by 

Zolfaghari et al. to simulate the viscoelastic two-
phase flow through a capillary tube that has both a 
smooth and a sharply-edged constriction

27
. A 

computational solution for the Saffman–Taylor 
instability of immiscible nonlinear viscoelastic–
Newtonian displacement in a Hele-Shaw cell was 

reported by Yazdi & Norouzi
28

. To facilitate the 
simulation of turbulent and inertial elastoviscoplastic 
fluids with a large particle and droplet count, 
Izbassaroy created a three-dimensional numerical 
solution for viscoelastic and elastoviscoplastic 
fluids

29
.Using a numerical approach, Devakar & Raje 

investigated the unsteady flow of two immiscible 
micropolar and Newtonian fluids through a horizontal 
channel

30
. An unsteady flow of an immiscible 

micropolar fluid sandwiched between Newtonian 
fluids through a channel was the subject of another 
numerical investigation conducted by Devakar et al.

31
. 

Devakar & Raje used a numerical technique to 
investigate the magnetohydrodynamic time-dependent 
model of immiscible newtonian and micropolar fluids 
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across a porous channel
32

. Rodriguez & Johnsen 
examined the characteristics of the system of 
equations and suggested a unique Eulerian method for 
numerical simulations of wave propagation in 
viscoelastic media

33
. Yadav & Verma talked about the 

flow of immiscible micropolar fluids via porous 
cylindrical pipes that enclose cavities, both 
Newtonian and non-Newtonian

34
. Two immiscible 

Newtonian and micropolar fluid flows over an 
inclined porous channel have been analyzed by Yadav 
& Verma

35
. In a vertical porous channel filled with a 

two-layered viscoelastic liquid, Devi & Srinivas 
examined the heat and mass characteristics as well as 
the impacts of chemical reactions, thermal radiation, 
Hall current, and heat source

36
.  

Fluid flow study through porous media has 

importance across a range of scientific, engineering, 

and environmental fields due to the unique 

characteristics of porous materials, which consist of 

interconnected voids that allow fluids (liquids and 

gases) to flow through them. Tlau & Ontela discussed 

the issue of entropy generated in a mixed convection 

Cu-water nanofluid flow in an inclined channel filled 

with a non-Darcy porous medium with variable 

permeability
37

. Further, Tlau & Ontela analysed the 

second law analysis of copper-water nanofluid flow in 

an inclined porous channel
38

. They extended their 

work and discussed the various fluid flow problems 

through porous media. Tlau & Ontela
39-41

.  

From the above discussion, it is evident that the 

MHD flow of viscous and viscoelastic fluids has wide 

applications in industry, environment, and medical 

sciences. Considering these important aspects, the 

present problem is formulated. This work deals with 

the problems of steady MHD flow of viscous and 

viscoelastic fluids through a porous channel. The flow 

is considered between two parallel plates. The flow 

governing continuity and momentum equations are 

derived for both the fluid flow as per the channel 

geometry. For the viscoelastic fluid flow, Walter’s B 

liquid equations are used in this study. The 

differential equations are solved analytically. The 

non-linear equations are solved numerically using 

MATLAB after applying boundary conditions for 

fluid velocity solutions. The roots of the cubic 

equation involved in the governing equation of 

viscoelastic fluid are also found using MATLAB for 

different permeability and viscoelasticity coefficients. 

Since this flow is governed by various parameters, the 

effect of each parameter is shown on velocity profiles 

and shearing stress on both plates and volume  

flow rate. Results for velocity, shear stress, and 

volume flow rate are shown through various graphs 

and tables.  
 

2 Mathematical Formulation 

Figure 1 shows the two immiscible fluids flow is 

modelled through a horizontal porous channel  

which has resilient impermeable boundaries. The 

viscoelastic fluid is considered in upper part and 

viscous fluid flow in lower part of the channel. 𝑥 axis 

is taken along the plates and 𝑦 axis is taken 

perpendicular to plates. A transverse constant 

magnetic field is applied in the direction of 𝑦 axis.  

Let 𝑢=𝑢(𝑢 1 , 𝑢 2) and 𝑣=𝑣(𝑣 1 , 𝑣 2) are the velocities  

of immiscible viscous and viscoelastic fluids 

respectively in 𝑥 and 𝑦 directions. 

The governing equations of motions for both the 

viscous and viscoelastic regions are as follows
42-44

: 

For viscous fluid flow region 
 

𝐷𝜌1

𝐷𝑡
= −𝜌1∇. 𝑢       ... (1) 

 

 
 

Fig. 1 — Flow of two immiscible viscous and viscoelastic fluids between two parallel plates. 
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𝜌1  
𝜕𝑢

𝜕𝑡
+  𝑢. ∇ u = −∇𝑝1 + 𝜇1∇

2𝑢 −
𝜇1

𝐾1
𝑢 + 𝜌𝑓 −

𝜎𝐵0
2𝑢        ... (2) 

 

For viscoelastic fluid flow region 

∇. 𝑣 = 0       ... (3) 
 
𝜕𝑣

𝜕𝑡
+  𝑣. ∇ 𝑣 = −

1

𝜌2
∇𝑝2 +

𝜇2

𝑘
𝑣 − 𝜎𝐵0

2𝑣   ... (4) 

 

Here 𝜌𝑖 , 𝜇𝑖 , 𝐾1 and 𝐾2are the density, viscosity, 

and permeability of the medium for region1 and 

region 2 respectively.𝑝1and 𝑝2 are the pressure 

gradients applied along the flow direction in region 1 

and region 2 respectively. 𝜎 is the conductivity of the 

fluid, 𝐵0 is the magnetic field intensity. For the steady 

incompressible fluid flow under a constant pressure 

gradient in the absence of external forces above 

equations become as follows:  

For region 1 the governing equations are given as 
 

𝜕𝑢 1

𝜕𝑥 
= 0       ... (5) 

 

𝜇 1
𝜕2𝑢 1

𝜕𝑦 2 −
𝜇 1

𝐾 1
𝑢 1 =

𝜕𝑝 1

𝜕𝑥 
+ 𝜎 𝐵 0

2𝑢 1    ... (6) 

 

For region 2 the governing equations are given as 
𝜕𝑣 2

𝜕𝑦 
= 0       ... (7) 

 

which gives𝑣 2 = −𝑉0(Constant) 

𝜎 𝐵 0
2𝑣 1 +

𝜕𝑝 2
𝜕𝑥 

+ 𝜌2𝑣 2
𝜕𝑣 1
𝜕𝑦 

= 𝜇 2
𝜕2𝑣 1
𝜕𝑦 2

− 𝐾 𝑣 2   
𝜕3𝑣 1
𝜕𝑦 3

  −
𝜇 2

𝐾 2

𝑣 1               

       ... (8) 
 

The boundary conditions are given as 
 

𝑣 1 = 0 : 𝑦 = ℎ       ... (9) 
 

𝑢 1 = 0 : 𝑦 = −ℎ                ... (10) 
 

𝑢 1 = 𝑣 1 at 𝑦 = 0                ... (11) 
 

The shear stress at the interface of immiscible 

fluids are given as 

𝜏1 = 𝜏2  𝑖. 𝑒.  
𝜕𝑣 1

𝜕𝑦 
 
𝑦=0

=  𝜆  
𝜕𝑢 1

𝜕𝑦 
 
𝑦=0

              ... (12) 

 

The mass conservation equation is given as
45 

 

 𝑢 
0

−ℎ
= 𝑄                ... (13) 

Here, 𝑄 = 𝑢 ℎ 
 

3 Solution of Problem 

Introducing the following non-dimensional 

quantities to find the solution of problem: 

𝑥 =
𝑉0𝑥 

𝑢2

, 𝑦 =
𝑉0𝑦 

𝜈2

, 𝑢1 =
𝑢 1

𝑉0

, 

𝑣1 =
𝑣 1
𝑉0

, 𝐾1 =
𝑉0

2𝐾 1

𝜈2
2 , 𝐾2 =

𝑉0
2𝐾 2

𝜈2
2 , 

𝐾 =
𝐾 𝑉 0

2

𝜌2𝜈2
2 , 𝑅𝑒1 =

𝜌1𝜈2
2

𝜇 1𝜈1𝑉0

, 

𝑅𝑒2 =
𝜈2

𝑢2𝑉0

,    𝑝1 =
𝑝 1
𝜌1𝑉0

,         𝑝2 =
𝑝 2
𝜌2𝑉0

, 

𝜈2 =
𝜇 2

𝜌2
, 𝑀1

2 =
𝜎𝐵 0

2𝜈2
2

𝜇 1𝑉0
2 ,   𝑀2

2 =
𝜎𝐵 0

2𝜈2

𝑉0
2𝜌2

             ... (14) 

 

Using Eq. (14), Eqs. (5,6) & (8) becomes 
 

𝜕𝑢1

𝜕𝑥
= 0                 ... (15) 

 

𝜕2𝑢1

𝜕𝑦2 −
1

𝐾1
𝑢1 = 𝑅𝑒1

𝜕𝑝1

𝜕𝑥
+ 𝑀1

2𝑢1              ... (16) 

𝐾
𝜕3𝑣1

𝜕𝑦3
+
𝜕2𝑣1

𝜕𝑦2
+
𝜕𝑣1

𝜕𝑦
−

1

𝐾2
𝑣1 = 𝑅𝑒2

𝜕𝑝2

𝜕𝑥
+ 𝑀2

2𝑣1  

                ... (17) 
 

The boundary conditions in non-dimensional form 

are given as  

𝑣1 = 0 : 𝑦 = 1                 ... (18) 
 

𝑢1 = 0 : 𝑦 = −1               ... (19) 
 

𝑢1 = 𝑣1 at 𝑦 = 0                ... (20) 

The shear stress at the interface of immiscible 

fluids are given as 

𝜏1 = 𝜏2  𝑖. 𝑒.  
𝜕𝑣1

𝜕𝑦
 
𝑦=0

=  𝜆  
𝜕𝑢1

𝜕𝑦
 
𝑦=0

              ... (21) 

The mass conservation equation is given as
45 

 

 𝑢
0

−1
= 1                 ... (22) 

 

Following solution of region 1 velocity is obtained 

after solving equation (16)  
 

𝑢1 = 𝐶1𝑒
𝐴𝑦 + 𝐶2𝑒

−𝐴𝑦 −
𝑅𝑒1𝑃1

𝐴2                ... (23) 

 

where 𝐴2 =
1

𝐾1
+ 𝑀1

2, 𝐶1and 𝐶2 are the arbitrary 

constants and 𝑅𝑒1and 𝑅𝑒2 are the Reynolds 

numbers.𝑀1 and 𝑀2 are the magnetic field 

parameters. 

Equation (17) solved numerically using different 

values of elastic parameter 𝐾 and permeability 

coefficient 𝐾2to find the roots 𝛼, 𝛽 and 𝛾. A general 

solution can be written as 
 

𝑣1 = 𝐶3𝑒
𝛼𝑦 + 𝐶4𝑒

𝛽𝑦 + 𝐶5𝑒
𝛾𝑦 −

𝑅𝑒2𝑃2

𝐵
              ... (24) 
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where parameters 𝛼, 𝛽 and 𝛾 depends on different 

values of viscoelasticity coefficient(𝐾) and region 2 

permeability(𝐾2) and 𝐵 =
1

𝐾2
+ 𝑀2

2.𝑃1 and 𝑃2 are the 

pressure constant for both the regions. In case of 

𝑀1 = 𝑀2, the magnetic field is represented by 𝑀. 

On applying boundary conditions from Eqs.  

(18-22), Eqs. (23 & 24) become: 

 

𝐶1𝑒
−𝐴 − 𝐶2𝑒

𝐴 −
𝑅𝑒1𝑃1

𝐴2 = 0              ... (25) 

 

𝐶3𝑒
𝛼 + 𝐶4𝑒

𝛽 + 𝐶5𝑒
𝛾 −

𝑅𝑒2𝑃2

𝐵
= 0             ... (26) 

 

𝐶3 + 𝐶4 + 𝐶5 − 𝐶1 − 𝐶2 +
𝑅𝑒1𝑃1

𝐴2 −
𝑅𝑒2𝑃2

𝐵
= 0    ... (27) 

 

𝜆𝐴𝐶1 − 𝜆𝐴𝐶2 − 𝛼𝐶3 − 𝛽𝐶4 − 𝛾𝐶5 = 0              ... (28) 

 
𝐶1

𝐴
−

𝐶2

𝐴
−

𝐶1𝑒
−𝐴

𝐴
+

𝐶2𝑒
−𝐴

𝐴
−

𝑅𝑒1𝑃1

𝐴2 −
𝑅𝑒2𝑃2

𝐵
+

𝐶3

𝛼
+

𝐶4

𝛽
+

𝐶5

𝛾
−

𝐶3𝑒
−𝛼

𝛼
−

𝐶3𝑒
−𝛽

𝛽
−

𝐶3𝑒
−𝛾

𝛾
− 1 = 0              ... (29) 

 

4 Shear stress and total volume flow rate 

The shear stress on the upper plate (𝜏𝑢𝑝𝑝𝑒𝑟 ) and 

lower plates (𝜏𝑢𝑝𝑝𝑒𝑟 ) are estimated and given as 

𝜏𝑢𝑝𝑝𝑒𝑟 =  
𝜕𝑣1

𝜕𝑦
 
𝑦=1

                 ... (30) 

 

𝜏𝑙𝑜𝑤𝑒𝑟 = 𝜆  
𝜕𝑢1

𝜕𝑦
 
𝑦=−1

               ... (31) 

 

Using Eqs. (23 & 24) in Eqs. (30 & 31) respectively, 

following expressions are obtained: 

𝜏𝑢𝑝𝑝𝑒𝑟 = 𝛼𝐶3𝑒
𝛼 + 𝛽𝐶4𝑒

𝛽 + 𝛾𝐶2𝑒
𝛾𝑦              ... (32) 

 

𝜏𝑙𝑜𝑤𝑒𝑟 = 𝜆𝐴(𝐶1𝑒
−𝐴 − 𝐶2𝑒

𝐴)               ... (33) 
 

Total volume flow rate(𝑄) is given as 

𝑄 =  𝑣1𝑑𝑦
1

0
+  𝑢1𝑑𝑦

0

−1
               ... (34) 

𝑄 =
𝐶3𝑒

𝛼

𝛼
+

𝐶4𝑒
𝛽

𝛽
+

𝐶5𝑒
𝛾

𝛾
−  

𝐶3

𝛼
+

𝐶4

𝛽
+

𝐶5

𝛾
 −

𝑅𝑒2𝑃2

𝐵
+

𝐶1−𝐶2

𝐴
−

 
𝐶1𝑒

−𝐴

𝐴
−

𝐶2𝑒
𝐴

𝐴
+

𝑅𝑒1𝑃1

𝐴2                   ... (35) 

 

5 Results and Discussion 
 

5.1 The effect of Magnetic field parameter (𝑴) on parameters 

𝜶, 𝜷, and 𝜸 with different viscoelasticity coefficient(𝑲) 

In Table 1, the solutions of parameters 𝛼, 𝛽, and 𝛾 

for different values of 𝑀 are shown. In this case same 

magnetic field in both the regions are taken. It can be 

seen from Table 1 that the values of parameter 

𝛼increases from -8.6583 to -8.0924 on increasing the 

magnetic field parameter from 𝑀 = 1 to 𝑀 = 2. In 

this case viscoelasticity parameter 𝐾 is taken at 0.10 

and other parameters remain constant. The increment 

is also seen for the parameter 𝛾 while the parameter 
𝛽 decreases from -2.1086 to -3.4731 on increasing 

magnetic field parameters. When the viscoelastic 

parameter is increased from 0.10 to 0.11, the 

parameter 𝛼increases from -8.6583 to -7.6944 under 

the same magnetic field condition and increases 

further on increasing magnetic parameter values 

irrespective of different viscoelasticity values. This 

signature is just reversed for parameter 𝛽 which 

decreases with increasing value of 𝐾 and decreasing 

further on increasing value of 𝑀. The parameter  

𝛾 follows same pattern as followed by parameter  
𝛼 which decreases with the increasing value of 𝐾 but 

increases on increasing magnetic field parameter  
𝑀 for both the cases of viscoelasticity parameter 𝐾. 

 

5.2 The effect of magnetic field parameter (𝑴)on different 

constants and velocity profile with variable viscoelasticity 

coefficient(𝑲). 

Equations (16 & 17) are solved considering 

ordinary differential equations for 𝑢1 and 𝑣1 are 

obtained and shown in Eqs. (23 & 24). These 

equations involve constants 𝐶1 , 𝐶2 , 𝐶3, 𝐶4 and 𝐶5 

which are solved using the different boundary 

conditions given in Eqs. (18-22) & Eqs. (25-29) are 

Table 1 — The solution of parameters 𝛼, 𝛽, and 𝛾 for different values of 𝐾 and 𝑀 

𝐾1 = 1.5,𝐾2 = 2.5, 𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 0.8, 

 

Coefficients 

Magnetic field parameter(𝑀) 

1 1.5 2 

Viscoelastic Parameter(𝐾) 

0.10 0.11 0.10 0.11 0.10 0.20 

𝛼 -8.6583 -7.6944 -8.4441 -7.4314 -8.0924 -6.9583 

𝛽 -2.1086 -2.1617 -2.7128 -2.8123 -3.4731 -3.6904 

𝛾 0.7668 0.7652 1.1569 1.1527 1.5655 1.5577 
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obtained. The solutions of these constants for 

different magnetic field parameter values are given in 

Table 2. It is seen from the Table that on increasing 

the value of 𝑀, all the constants increases irrespective 

of any value of 𝐾. On increasing the viscoelasticity 

parameter, these parameters behave differently. The 

parameters 𝐶1 , 𝐶4 and 𝐶5 decreases with increasing 

value of 𝐾. 𝐶2 remain almost constant in all three 

cases. 𝐶3 increases with increasing value of 𝐾 in all 

three magnetic field values. 

The effect of the magnetic field parameter 𝑀 is 

shown on the velocity parameter in Fig. 2. Magnetic 

fields of different intensities (1, 1.5, and 2) are 

applied perpendicular to the flow direction, which 

introduces a Lorentz force that acts against the fluid’s 

motion. This force generates additional resistance to 

fluid flow which reduces the fluid velocity which is 

seen in the present case. Because the Lorentz force 

slows down the fluid near the boundary, stabilizing 

the boundary layer and reducing momentum transfer. 

The solid part of the line represents the viscous fluid 

velocity while the dashed line shows the velocity 

profile of viscoelastic fluid. The equal magnetic fields 

𝑀1 = 𝑀2 = 𝑀 are applied in this case. From the 

figure, it can be seen that increasing the magnetic 

field from𝑀 = 1 to 𝑀 = 2 the velocity reduces for 

both the fluids. The velocity is maximum at the y= 0 

and is close to 0.3, 0.2, and 1.5 when 𝑀 is 1, 1.5, and 

2 respectively. The velocity reduces from y= 0 on 

both sides and becomes zero at the lower (𝑦 = 0) and 

upper plate (𝑦 = 1). Increasing the viscoelasticity 

parameter also reduces the velocity for all three 

magnetic field values but this decrement is much less 

as compared to changes due to the magnetic field 

parameter. This happens because Lorentz force acts 

opposite to the flow direction, creating a retarding or 

drag force on the fluid. The greater the strength of the 

transverse magnetic field, the larger the Lorentz force 

becomes, which increases the effective resistance to 

the fluid flow, thereby reducing the fluid's velocity. 

Similar decreasing results of velocity for increasing 

value of magnetic field parameter are also found in 

other studies
25,45,46

. 
 

5.3 The effect of magnetic field parameter (𝑴)on different 

constants and velocity profile with variable viscosity ratio 

(𝜆) 

The effect of magnetic field parameter (𝑀) on 

𝐶1 , 𝐶2, 𝐶3 , 𝐶4 , and 𝐶5 with different viscosity ratio 

parameters is shown through Table 3. It is seen that 

on increasing the values of 𝑀 for 𝜆 = 1, all 

coefficient values increase with a minimum at 𝑀 = 1 

to maximum at 𝑀 = 2. On increasing the viscosity 

ratio from 𝜆 = 1 to 𝜆 = 5, a similar effect is seen. In 

this case also all coefficient values increase on 

increasing magnetic field parameters. On comparing 

the coefficients value of 𝜆 = 1 and 𝜆 = 5, it is 

observed that 𝐶1 and 𝐶4 decreasing, 𝐶3 almost 

remains constant and 𝐶2 and 𝐶5 increases with 

increasing viscosity ratio. Fig. 3 shows the velocity 

profile for 𝑀 = 1, 1.5 and 2 in the case of 𝜆 = 1. It is 

seen that in this case also the velocity profile comes 

down on increasing the magnetic field parameter.  

Table 2 — The solution of constants𝐶1, 𝐶2, 𝐶3, 𝐶4, and 𝐶5 for different values of 𝑀 and 𝐾 

 

Coefficients 

𝐾1 = 1.5, 𝐾2 = 2.5, 𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 0.8 

Magnetic field parameter(𝑀) 

1 1.5 2.0 

Viscoelasticity Coefficients (𝐾) 

0.10 0.11 0.10 0.11 0.10 0.11 

𝐶1 -0.1411 -0.1418 -0.0497 -0.0509 -0.0156 -0.0170 

𝐶2 -0.1510 -0.1510 -0.0593 -0.0592 -0.0240 -0.0240 

𝐶3 0.0011 0.0027 0.0015 0.0039 0.0024 0.0071 

𝐶4 -0.1417 -0.1429 -0.0656 -0.0685 -0.0336 -0.0392 

𝐶5 -0.3636 -0.3645 -0.1315 -0.1322 -0.0530 -0.0534 
 

 
 

Fig. 2 — The effect of Magnetic field parameter  𝑀  on velocity 

profile. 𝑢1 - solid line, 𝑢2 - dash line. 
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A similar effect is shown in Fig. 4 for 𝜆 = 10. On 

increasing the viscosity ratio, the velocity reduces 

further. When the viscosity ratio increases, the 

internal friction within the fluid increases. This 

friction acts to resist the motion of fluid layers relative 

to each other, effectively slowing down the flow 

velocity for constant pressure gradient. So magnetic 

field parameter and viscoelasticity ratio both reduce 

the velocity. The maximum velocity close to 0.3 is 

seen at 𝑦 = 0 in this case also for 𝑀 = 1. 

5.4 The effect of magnetic field parameter(𝑴)on different 

constants velocity profiles with different permeability 

parameters 𝐾1 and 𝐾2. 

In Table 4 the effect of permeability parameters 

𝐾1and 𝐾2 and magnetic field parameter 𝑀are shown 

on constants. It is found that 𝐶1 and 𝐶2 are decreasing, 

𝐶2 remains constant while 𝐶4 and 𝐶5 increase with 

same magnetic field parameter 𝑀, considering all 

three cases of permeabilities. On comparing the 

coefficients with different permeability conditions 

under different magnetic field cases, it is observed 

that on increasing the magnetic field parameter the 

values of 𝐶1 , 𝐶2 , 𝐶3 , 𝐶4, and 𝐶5 increase in all three 

cases of permeability conditions. 

Figures 5-7 show the velocity profiles under 
different magnetic field conditions of 𝐾1 < 𝐾2, 
𝐾2 > 𝐾1 and 𝐾1 = 𝐾2 respectively. In this case also 
on increasing the magnetic field parameter, velocity 
decreases. The peak velocity is observed at 𝑦 = 0 and 
reaches zero near to plate. In case of 𝐾1 = 𝐾2 the 

velocity at 𝑦 = 0 is 0.3 and it reduces in case of 
𝐾2 < 𝐾1 and reduces further when 𝐾2 > 𝐾1. This 
shows that if the permeability of both mediums is 
equal then the velocity at 𝑦 = 0 will be maximum but 
if both the permeabilities are not equal the maximum 
velocity will reduce. It is also observed that increasing 

the permeability of a porous medium increases the 
fluid velocity because it reduces the resistance within 
the medium and allows fluid to flow with fewer 
obstructions and at a greater velocity for a given 
pressure gradient. 

 

5.5 The effect of different magnetic field parameter 𝑴𝟏 and 

𝑴𝟐 on velocity profiles  

Figure 8 represents the velocity profile in case of 

different intensity magnetic fields 𝑀1 and 𝑀2are 

applied in region 1 and region 2 respectively. It is 

seen that velocity decreases on increasing 𝑀1 in the 

region 1. All the velocity profiles meet closely at a 

point between -0.2 and 0 in region 1 and after that, the 

Table 3 — The solution of constants𝐶1, 𝐶2, 𝐶3, 𝐶4,and 𝐶6 for different values of 𝑀 and 𝜆 

 

Coefficients 

𝐾1 = 1.5,𝐾2 = 2.5𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝐾 = 0.10 

Magnetic field parameter(𝑀) 

1 1.5 2 

 Viscosity ratio coefficients (𝜆) 

 1 5 1 5 1 5 

𝐶1 -0.1418 -0.1471 -0.0505 -0.0557 -0.0163 -0.0209 

𝐶2 -0.1510 -0.1506 -0.0592 -0.0591 -0.0200 -0.0239 

𝐶3 0.0011 0.0011 0.0015 0.0016 0.0024 0.0025 

𝐶4 -0.1424 -0.1475 -0.0664 -0.0716 -0.0342 -0.0390 

𝐶5 -0.3636 -0.3633 -0.1315 -0.1314 -0.0530 -0.0529 
 

 
 

Fig. 3 — The effect of Magnetic field parameter  𝑀  on velocity 

profile when𝜆 = 1. 𝑢1 - solid line, 𝑢2 - dash line. 

 

 
 

Fig. 4 — The effect of Magnetic field parameter  𝑀  on velocity 

profile when𝜆 = 10. 𝑢1 - solid line, 𝑢2 - dash line. 
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velocities are reversed. This means the velocity with 

higher 𝑀1 value in region 1 becomes more and 

velocity with lower 𝑀1 value comes downafter this 

point. This phenomenon is observed  because  of  the 

influence of the magnetic field of region 2. The region 

2 magnetic field 𝑀2 is decreased from 𝑀2 = 2.0 to 

𝑀1 = 1.0 in reverse order after the point 𝑦 = 0. So 

reverse profiles of velocities are observed. A sensitivity 

analysis is also done by changing 𝐾 values and 

observing similar results. That means for different 

values of 𝐾 the fluid velocities pattern will remain the 

same. Magnetic field of both regions meets close to 

𝑦 = −0.2. 

Figures 9 & 10 show the velocity profiles for 

𝑀1 < 𝑀2,𝑀1 = 𝑀2 and 𝑀1 > 𝑀2. The velocity 

profiles have been shown for different viscosity ratio 

parameter 𝜆. In the figure where 𝜆 = 1, the velocity 

comes down as 𝑀1 increases and 𝑀2 decreases in 

region 1. Like Fig. 8, after 𝑦 = −0.2, the magnetic 

field 𝑀2 start influencing region 1 velocities, and 

Table 4 — The solution of constants𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5, and 𝐶6 for different values of 𝑀, 𝐾1and 𝐾2 

 

Coefficients 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝐾 = 0.1, 𝜆 = 0.8 

Permeability 

𝐾1 = 1.5,𝐾2 = 2.5 𝐾1 = 2,𝐾2 = 2 𝐾1 = 2.5,𝐾2 = 1.5 

         

𝑀 = 1 𝑀 = 1.5 𝑀 = 2 𝑀 = 1 𝑀 = 1.5 𝑀 = 2 𝑀 = 1 𝑀 = 1.5 𝑀 = 2 

𝐶1 -0.1411 -0.0497 -0.0156 -0.1813 -0.0640 -0.0218 -0.2148 -0.0763 -0.0274 

𝐶2 -0.1510 -0.0593 -0.0240 -0.1763 -0.0656 -0.0258 -0.1943 -0.0697 -0.0269 

𝐶3 0.0011 0.0015 0.0024 0.0011 0.0015 0.0024 0.0011 0.0015 0.0024 

𝐶4 -0.1417 -0.0656 -0.0336 -0.1240 -0.0584 -0.0303 -0.1027 -0.0499 -0.0266 

𝐶5 -0.3636 -0.1315 -0.0530 -0.3280 -0.1236 -0.0508 -0.2794 -0.1117 -0.0474 
 

 
 

Fig. 5 — The effect of Magnetic field parameter  𝑀 on velocity 

profileswhen 𝐾1 = 1.5 and 𝐾2 = 2.5.𝑢1 - solid line, 𝑢2 - dash 

line. 

 

 
 

Fig. 6 — The effect of Magnetic field parameter  𝑀  on velocity 

profiles when 𝐾1 = 2.5 and 𝐾2 = 1.5. 𝑢1 - solid line, 𝑢2 - dash line. 
 

 
 

Fig. 7 — The effect of Magnetic field parameter  𝑀  on velocity 

profile when 𝐾1 = 2.0 and 𝐾2 = 2.0. 𝑢1 - solid line, 𝑢2 - dash line. 

 

 
 

Fig. 8 — The effect of Magnetic field parameters𝑀1and 𝑀2 on 

velocity profile when𝐾 = 0.1. 𝑢1 - solid line, 𝑢2 - dash line. 
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because of that the velocities are reverse as the 𝑀2 

comes down from 𝑀2 = 2 to 𝑀2 = 1. On increasing 

the viscosity ratio value from 𝜆 = 1 to 𝜆 = 10 the 

effect of the magnetic field parameter is shown in  

Fig. 10. It can be seen that till 𝑦 = 0, the velocity of 

region 1 reduces as the magnetic field parameter 

increases. The effect of region 1 magnetic field is also 

seen up to 𝑦 = 0.2 in region 2. The velocities upto 

this point follows the same pattern as in region 1. 

After this point region 2 magnetic field influences and 

velocities order becomes reverse. 

Figure 11 shows the effect of the magnetic field is 

also assessed with respect to different permeability 

conditions. It is observed that in region 1 the velocity 

follows the same pattern as it was in previous cases. 

The region 2 magnetic field influences till 𝑦 = −0.2 

in the region 1 and after that it follows the reverse 

pattern in region 2 where the velocity decreases on 

increasing the magnetic field. The point close to 

𝑦 = −0.2 is considered the point where both the 

magnetic field meets in this case. 
 

5.6 Shearing stress and volume flow rate estimation 

The effect of the magnetic field on shearing stress 

is assessed and shown in Tables 5-7. Form the Table 5 

it can be analysed that on increasing the value of 𝑀 

shearing stress is increased on an upper plate while it 

is reduced on the lower plate because Lorentz force 

creates a retarding effect on the moving fluid near to 

upper plate, slowing down the flow and generating a 

velocity gradient between fluid layers, which results 

in an increase in shear stress. This is happening in all 

three cases 𝐾1 > 𝐾2, 𝐾1 = 𝐾2  and 𝐾1 < 𝐾2 of 

permeability. In this case, viscoelastic coefficient 𝐾 is 

taken at 0.10. Similar trends are observed when 𝐾 is 

increased from 𝐾 = 0.10 to 𝐾 = 0.11 as shown in 

Table 6.In this case, also, an increment in the 

magnetic field reduces shearing stress on the lower 

plate and increases on the upper plate. On comparing 

Table 5 & 6, it is observed that on increasing the 

viscoelasticity the shearing stress on the upper plate 

further increased and it decreased on the lower plate. 

In Tables 5 & 6, the viscosity ratio is taken to 0.8 

which is increased to 1.0 in Table 7 to observe the 

magnetic field effect in case of an increment in 

viscosity ratio. It is observed that on increasing the 

magnetic field, shearing stress follows the same 

pattern as followed in Table 5 & 6. However, on 

comparing the results of Table 6 & 7, it is seen that on 

increasing the viscosity ratio the shearing stress 

decreases on the upper plate and increases on the 

lower plate. 
 

5.7 The estimation of volume flow rate 

Volume flow rate results are presented in Tables 8 

& 9 for different cases of viscosity ratio and 

viscoelasticity respectively to observe the magnetic 

field effects. The results show that on increasing the 

value of 𝑀 flow rate increases as seen in Table 8. On 

increasing the value of 𝜆 the flow rate is constant for 

𝑀 = 1 and for 𝑀 = 2 it is  increased  when  𝐾1 > 𝐾2.  

 
 

Fig. 9 — The effect of Magnetic field parameters 𝑀1and 𝑀2on 

velocity profile when𝜆 = 1. 𝑢1 - solid line, 𝑢2 - dash line. 
 

 
 

Fig. 10 — The effect of Magnetic field parameters 𝑀1and 𝑀2 on 

velocity profile when 𝜆 = 10. 𝑢1 - solid line, 𝑢2 - dash line. 
 

 
 

Fig. 11 — The effect of Magnetic field parameters 𝑀1and 𝑀2on 

velocity profile when of 𝐾1 = 2.5 and 𝐾2 = 1.5. 𝑢1 - solid line, 

𝑢2 - dash line. 
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In case of 𝐾1 = 𝐾2, the flow rate increases for  
𝑀 = 1 and decreased for 𝑀 = 2 on increasing the 

viscosity ratio. When 𝐾1 < 𝐾2, the flow rate 

decreases for 𝑀 = 1 and 𝑀 = 2 as presented in  

Table 9. In similar way, the effect of magnetic field 

with increasing value of 𝐾is observed in Table 9. On 

increasing the magnetic field value the flow rate 

increased in all three cases of 𝐾1 and 𝐾2. When the 

Table 5 — The effect of 𝑀on shearing stress 𝜏𝑢𝑝𝑝𝑒𝑟  and 𝜏𝑙𝑜𝑤𝑒𝑟 (𝜆 = 0.8,𝐾 = 0.10) 

 

Magnetic Field 

Parameter 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 0.8,𝐾 = 0.10 

Permeability 

𝐾1 = 2.5,𝐾2 = 1.5 𝐾1 = 2,𝐾2 = 2 𝐾1 = 1.5,𝐾2 = 2.5 

𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  

𝑀 = 1.0 -0.5450 0.5381 -0.5573 0.5357 -0.5640 0.5271 

𝑀 = 1.5 -0.4592 0.4426 -0.4674 0.4404 -0.4721 0.4344 

𝑀 = 2.0 -0.3848 0.3625 -0.3901 0.3607 -0.3933 0.3567 
 

Table 6 — The effect of 𝑀on shearing stress 𝜏𝑢𝑝𝑝𝑒𝑟  and 𝜏𝑙𝑜𝑤𝑒𝑟 (𝜆 = 0.8,𝐾 = 0.11) 

 

Magnetic Field 
Parameter 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 0.8,𝐾 = 0.11 

Permeability 

𝐾1 = 2.5,𝐾2 = 1.5 𝐾1 = 2.0,𝐾2 = 2.0 𝐾1 = 1.5,𝐾2 = 2.5 

𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  

𝑀 = 1.0 -0.5435 0.5365 -0.5564 0.5343 -0.5635 0.5258 

𝑀 = 1.5 -0.4559 0.4409 -0.4644 0.4388 -0.4693 0.4329 

𝑀 = 2.0 -0.3807 0.3610 -0.3861 0.3593 -0.3894 0.3553 
 

Table 7 — The effect of 𝑀on shearing stress 𝜏𝑢𝑝𝑝𝑒𝑟  and 𝜏𝑙𝑜𝑤𝑒𝑟 (𝜆 = 1.0,𝐾 = 0.10) 

 

Magnetic Field 
Parameter 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 1.0,𝐾 = 0.10 

Permeability 

𝐾1 = 2.5,𝐾2 = 1.5 𝐾1 = 2.0,𝐾2 = 2.0 𝐾1 = 1.5,𝐾2 = 2.5 

𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  𝜏𝑢𝑝𝑝𝑒𝑟  𝜏𝑙𝑜𝑤𝑒𝑟  

𝑀 = 1.0 -0.5454 0.6736 -0.5575 0.6699 -0.5638 0.6584 

𝑀 = 1.5 -0.4593 0.5536 -0.4674 0.5505 -0.4719 0.5426 

𝑀 = 2.0 -0.3848 0.4531 -0.3901 0.4507 -0.3932 0.4455 
 

Table 8 — The volume flow rate for different permeability coefficients and different values of 𝜆. 

 

Viscosity 

Ratio 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝐾 = 0.10 

Permeability 

𝐾1 = 2.5,𝐾2 = 1.5 𝐾1 = 2,𝐾2 = 2 𝐾1 = 1.5,𝐾2 = 2.5 

Magnetic Field Parameter (𝑀) 

1 2 1 2 1 2 

𝜆 = 0.4 1.3956 1.6741 1.8880 2.2276 2.3962 2.7822 

𝜆 = 0.6 1.3956 1.6741 1.8884 2.2273 2.3954 2.7817 

𝜆 = 0.8 1.3956 1.6741 1.8887 2.2271 2.3948 2.7812 
 

Table 9 — The effect of 𝑀onvolume flow rate for different viscoelasticity coefficients. 

 

Viscoelasticity 

𝑃1 = −0.7,𝑃2 = −0.7,𝑅𝑒1 = 1.4, 𝑅𝑒2 = 1.6, 𝜆 = 0.8 

Permeability 

𝐾1 = 2.5,𝐾2 = 1.5 𝐾1 = 2,𝐾2 = 2 𝐾1 = 1.5,𝐾2 = 2.5 

Magnetic Field Parameter (𝑀) 

1 2 1 2 1 2 

𝐾 = 0.08 1.3981 1.6752 1.8882 2.2280 2.3940 2.7820 

𝐾 = 0.09 1.3984 1.6749 1.8887 2.2277 2.3946 2.7818 

𝐾 = 0.10 1.3983 1.6741 1.8887 2.2271 2.3948 2.7812 
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value of 𝐾is increased from 0.08 to 0.10, the flow rate 

is increased for 𝑀 = 1 and decreased for 𝑀 = 2 and 

for 𝐾1 = 𝐾2, and 𝐾1 < 𝐾2. For 𝐾1 > 𝐾2, the flow rate 

is increased first and decreased when 𝑀 = 1 and it is 

decreased when 𝑀 = 2.  
 

6 Conclusion 

This study investigates the flow of MHD 

immiscible fluids between two parallel plates. In two 

regions between two parallel plates, viscous and 

viscoelastic fluid flows are considered. A magnetic 

field is also applied to observe the effect on velocity 

profiles, shearing stress, and flow rate. Accordingly, 

the equations of motion for both regions are modeled 

and solved numerically. Magnetic field effects on 

shearing stress and flow rate are observed for 

different viscoelasticity, viscosity ratio, and 

permeability conditions. The major findings of the 

study are as follows: 

 It is found that the MHD effect reduces the 

velocity in both regions. 

 It is also observed that velocity decreases with 

increasing the viscoelasticity and viscosity ratio. 

 It is observed that shearing stress increases on the 

upper plate and decreases on the lower plate after 

applying a magnetic field.  

The results of the present analysis are very useful in 

polymer, food, and petroleum industries wherever MHD 

flow of viscous and viscoelastic fluid flow is in process. 
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