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The aim of the present work is to apply the Caputo-fractional derivative to the heat transformation of unsteady 

incompressible magnetohydrodynamic (MHD) Casson nanofluid flow. Ethylene Glycol-Graphene oxide and Ethylene 

glycol-Multiwall Carbon nanotubes considered as nanofluids. The current study helps in understanding the fluid dynamics 

involved in water purification, energy conservation, solar energy, coolants, cancer therapies, and physiological fluid 

dynamics. By using appropriate non-dimensional variables, the leading PDE of the problem are non dimensionalized. The 

governing equations are solved by the combined integral transforms of Fourier sine and Laplace transform technique. For an 

extensive study of the problem, graphical illustrations and tables are developed by using the MATLAB software. The effects 

of the order of the Caputo derivative, thermal Grashof number, viscous dissipation, and Casson parameter oscillations on the 

fractional heat and momentum equations are inspected. The thermal and velocity profiles are increased for thermal Grashof 

number and Casson parameter. Symmetry phenomena are also observed in the case of cooling and heating plate for thermal 

Grashof number. Different shapes of nanoparticles are performed for ordinary fractional parameters which is increased for 

temperature as well as velocity.  

Keywords: Caputo fractional derivative, Casson fluid, Magnetohydrodynamics, Mittag-Leffler fractional operator, 

nanoparticle shape factor 

Introduction 

In recent era, the fractional calculus (FC) became 

very popular. This is providing tremendous progress 

in many areas of sciences and an active area of 

development. Previous years FC is using in only 

mathematics but last three decades onwards  

it is variously using in many disciplines for  

instance, physics, bioengineering, Chaos theory, 

electromagnetism, economics and finance, many 

Others1-7. There are many definitions of FC have been 

proposed for instant: Grunwald-Letnikov, Riemann-

Liouville, Caputo, Caputo-Febrizio, Atangana-

Baleanu and Prabhakar’s fractional approach8-15. 

Fractional order systems can process efficient 

information, improving the simulations of the integer 

order systems and also provide most accurate results. 

There exists a lot of numerical and analytical methods 

already developed to solve highly complex fractional 

order derivative equations. For example, homotopy-

perturbation method16, Adams-Bashfort-Moulton 

method17, Iterative sequence technique18, Adomian 

decomposition method19, Laplace transform 

technique20, Residual power series method21, Fourier 

Sine transform method22, and others23-26. 

In modern years, nanotechnology is playing a vital 

role in every discipline. fluids and nanofluids models 

are attracting many researchers. Nanofluid is a 

mixture of pure fluids (water, alcohol, kerosene, oil, 

Ethylene glycol, etc.,) and nanometer sized particles 

(Cu, Ag, GO, Gr, Al2O3, etc.,)27. Nanofluids show 

enhanced characteristics of heat conductivity in 

comparison with the convectional nanofluids flows 

and hence are very much important in industrial 

fields. Heat transformation is not only a technical 

issue where it is important there is a challenge for 

engineers and industrial people. Nanofluids are the 

best solution to heat transfer related problems. 

Nanoparticles also give the outstanding results in 

medical sciences, for instance, diagnosis process, drug 

delivery, artificial lungs, laser treatments, heat 

deceases, hyperthermia, cancer treatment, among 

others28. Generally, shapes, size of nanoparticles, 

volume of the proportion and base fluids help us to 

establish the general performance and usefulness of 

nanofluids29. 

The study of how magnetic fields and fluid 

conductors interact is known as magnetohydro-
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dynamics (MHD). There are several uses for the 

MHD nanofluids in wavelength filters since they 

contain both magnetic and liquid characteristics. For 

example, MHD traditionally describes macroscopic 

force balance, Solar wind, Drug delivery for cancer 

therapy, optical materials (nonlinear), optical gratings, 

ink float separation, optical switches, magneto-optical 

systems, etc. Another significant use of MHD is the 

separation of non-metallic materials from metals with 

high melting points30. Khalid et al.31 have studied the 

unsteady free convective MHD Casson fluid flow 

over an oscillating porous vertical plate. Bhatta et al.32 

have studied optically thick radiating free convective 

MHD nanofluid flow over an exponentially 

accelerated plate. Many research articles dealing with 

modelling fluid models with fractional operator. 

Hanifa and Shafie described the application in 

petroleum industry as the aluminium trioxide (Al2O3) 

impact in electrically conducting mineral oil-based 

fractional Maxwell nanofluid33. Sene34 used the 

analytical investigations to solve the second grade 

fluid with Newtonian heating under Caputo fractional 

derivative. Anwar et al.35 solved the fractional 

nonlinear PDEs numerically via finite-difference 

discretization along with L1 algorithm. Gohar Ali et 

al.36 proposed the Casson fluid flowing in a two-phase 

generalised MHD free convection between parallel 

plates. Arif et al.37 proposed the solution of 

generalized Couette Flow for fractional model of 

couple stress fluid. Souayeh et al. 38 used the Fourier 

sine transform method and solved the governing 

equations for thermal characteristics with Fourier and 

non-Fourier heat transfer. Zubair et al.39 investigated 

unsteady free convection nanofluid flow of viscous 

fluids through an isothermal vertical sheet. Fatima  

et al.40 studied the influence of heat and mass 

transmission on different types of nanofluids with 

CNTs of fractional order derivatives. Significant 

analytical investigations on the chemical and thermal 

effects on magneto hydrodynamics Casson fluids of 

Caputo-Fabrizio fractional order derivative was 

discussed by Reyaz et al.41. Few relevant studies are 

shown in other published papers42-45. 

To the author’s best knowledge MHD, comparison 

between two nanofluids with shape effects has not 

been investigated. Present work is an extension of the 

study by NdoleneSene work. With the use of the 

Caputo fractional derivative (CFD) approach, the 

primary goal of the present work is to examine the 

flow of Casson nanofluids with form effects over an 

infinite vertical surface. The solution process is 

followed by the combination of Fourier sine and 

Laplace transform techniques. Using the 

mathematical programme MATLAB, the flow 

parameter data are displayed graphically and 

numerically with physical demonstrations. In this 

paper, we consider Ethylene glycol as host fluid and 

Graphene oxide and MWCNT’s are spherical shaped 

Casson nanoparticles.  

 

Preliminary definitions 

In this section, fractional order operators known as 

Riemann-Liouville integral, Caputo derivative and 

some special functions are given. The Caputo 

derivative and its Fourier sine and Laplace 

Transforms helped us to obtain exact analytical 

solutions for the constructive equations. To reach the 

solution, we begin this part by Mittag-Leffler kernel 

function definition, which has two arguments. The 

structure of the precise solution to the FDE is 

significantly influenced by this peculiar function. 

Definition 1:11 Let 0,  R  and Z C . The 

definition of the Mittag-Leffler function is 
[ 

 
 

,
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k
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E Z
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When 0   and 0  , the Convergent series. 

If 1  , We discover the Erdelyi-introduced 

Mittag-Leffler function, which is defined as 
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If 1    we obtain the following relationships  

       ,1 1,1 1 exp( ).E Z E Z E Z E Z Z     

Definition 2:10,11 The Riemann–Liouville integral 

of examine function  : :[0, [ R   can be 

written as: 
 

  
 

   
1

0

1
t

I t t s s ds
 




 
   

 

Where ( )  is the Gamma function and with 

fractional order α verify the condition ( 0  ). Next 

we recall the Caputo fractional operator. Further 

investigations of the problem we use this fractional 

operator and its association with Fourier sine and 
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Laplace transformation. The main reason of using this 

derivative is that obeys the initial conditions consider 

in the present investigation opposed to the Riemann–

Liouville derivative, the reason for using the initial 

conditions in an integral notation that cannot be 

physically interpreted. 

Definition 3:10,11 define the Riemann-Liouville 

derivative of examine function :[0, [ R   , of 

order  as in the representing form: 
 

 
 

  
0

1

1

t
d

D t s t s ds
dt

 



 
    

 

Where time 0t  , the order of the fractional 

operator verify the assumption that  0,1   and 

 ...  indicates the Euler’s Gamma function . 

Definition 4:10,11 define the Caputo fractional 

operator of the given function :[0, [ R   , of 

order  is in the form: 
 

 
 

 
 

0

1

1

t

C

d s
D t t s ds

ds

 





 
    

Where time 0t  , the order of the fractional 

operator verify the assumption that  0,1   and 

(1 )   indicates the Euler’s Gamma function. 

The ODEs, PDEs, fractional operators and the 

Laplace and Fourier transforms play vital role in our 

investigations. To determine the analytical solutions, 

we use Laplace transform. In this paper, besides it, 

used the Fourier sine transform. The Laplace 

transform of the Caputo fractional derivative10,11 is 

represented as the following form 
 

    1( ) ( ) (0)CL D t s L t s       

 

Where the fractional operator   obeys the 

relationship  0,1  . 

 

Fractional mathematical formulation for Caputo 

derivative
29,49

 

The constructive equations presented here the 

subject of investigations. The current flow mechanism 

considered as incompressible, unsteady, MHD flow of 

Casson nanofluid involving of nanoparticles through 

an infinite vertical plate. Fig. 1 considers fluid motion 

along the x-axis and y-axis to be normal to the plate. 

 
 

Fig. 1 — Geometrical demonstration of the problem 
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Note that 0t   is the initial temperature and 
wT  is 

temperature of the plate at time t . The temperature 

and velocity fields are shown below: The construction 

of mathematical governing equations summarized by 

Boussinesq’s approximations. 
 

  ˆ, ,V u x t i



 

... (1) 

  

 ,T T x t
 

... (2) 

the Casson fluids constructive equations are: 
 

. 0V


  , 
... (3) 

 

 

 ( ) bij

d V
div J B

dt
  




   
 

... (4) 

Where,   is density of the fluid,
d

dt
 is substantial 

time derivative, b


 is body force and 
ij  is Cauchy 

stress tensor represented as:  

The rheological equation for unstable Casson fluid 

flow is stated by Casson (1959) and is given as 

follows: 
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  
    

     

... (5) 

 

In Eq. (5) , μ represent dynamic viscosity, 
  

denotes the plastic dynamic viscosity of the non-

Newtonian fluid flow     and 
yp  is yield 

stress of the fluid, 
c  denotes the critical value of the 

number 
1 , 

1 ij ije e   where 
ije  is the component of 

the non-Newtonian fluid deformation rate and also the 

component deformation rate of (i, j)th can be written as: 

1ije PI A  
 

... (6) 
 

Where P  is indeterminate pressure, I  is identity 

tensor,   is dynamic viscosity and 
1A  is Rivlin-

Erickson tensor of first kind, 

 
2

2

12

y

ij

p u
div

y
 



  
  
     

... (7) 

b


 indicates the body force which include 

Lorentz and bouncy forces, defined as: 
 

 b g T T  


 
 

... (8) 

2

0J B B u  
 

... (9) 

 

Using Eqs. (7), (8) and (9), it can be expressed  

Eqs. (3) and (4) in Cartesian form of nanofluids. 

Thus, converting the equations to a fractional model 

such as1,41: 
 

     
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2
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1nf t B nfnf nf

u
D u g T T B u
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... (10) 

 
2

2p t nfnf

T
C D T k

x





  

...(11) 

 

With the following appropriate initial and boundary 

conditions: 
 

0 : 0, 0,

0 : , 0,

0,

w

t u T T x

t u U T T at x

u T T as x





     


    
  

 ... (12) 

 

Where   is the material parameter of Casson 

fluid,   is the volume fraction, g  is acceleration 

constant,   is the electrical conductivity and   

symbolizes volumetric coefficient of Ethylene glycol 

nanoparticles.  

To construct the dimensionless modal equations, 

introducing the suitable non-dimensional variables 

can be suggested as 
 

2
* * *, , ,

f f w

T Tu U U
u x x t

U T T
 

 





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  
... (13) 

 

using the above dimensionless variables and drop the 

star note, the governing Eqs. (10), (11) and following 

conditions can be written as: 

 
2

6 8 102

1
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u
D u a a Gr a M u

x



 


  
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And 
2

3
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a
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
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  
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With the corresponding initial and boundary 

conditions 
 

   

   
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, 0 0, ,0 0; 0
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  

  
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                 ... (16) 
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are the Prandtl number, the Grashof number, the 

Casson parameter and the magnetic field parameter, 

respectively.  

Letting parameters are, 
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Analytical solution 

The main aim of this session is to derive exact 

solutions of the Caputo fractional model. In the 

current investigation, by using the coupled Fourier 

Sine and Laplace transforms, presented the analytic 

solutions for partial differential equations of fractional 

order. The amalgamation between the FSTs and 

Laplace transform is reported in the literature in the 

following investigations1 and can also be found in 

many papers. The advantage of this method in the 

present research is it permits the obtaining of the 

linear fractional differential equations. 

Solution of temperature field 

Let us considered Eq. (15) represents the heat 

equation, subjected to the initial and boundary 

conditions in Eq. (16). Using Fourier sine transform 

formula, we have    , q,sF D x D 

          

and 
 

 
2

23

2

,
q,s
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F q q

x Pr

 
 

 
      

, Here 
sF  

represents the Fourier sine transformation and q  is 

the Fourier sine variable. Apply the Fourier sine 

transformation to the previous equation, we get the 

following relationship 

 
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3 3 1
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a q a q
s q s

Pr Pr s
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a
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
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... (17) 

The next step is Laplace transformation, Applying 

Laplace transformation on both sides of Eq. (17) and 

further rearrangement of the equations, we obtain the 

following relation 
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 ... (18) 

And then applying the inverse Laplace 

transformation, we get 
 

 
2

31
, 1

a q
q E

q Pr



  
  
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  

 ... (19) 

Succeeding the procedure in1, at last apply the 

inverse Fourier sine transformation to Eq. (19). By 

using the formula of the inverse Fourier sine 

transform, we get the following solution for 

temperature field: 
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 
2

3

0 0

2 1 1
, sin sin

a q
x qx dq E qx dq

q q Pr



  


   
   

  
    

 
2

3

0

2 sin
, 1

a q qx
x E dq

Pr q



  



 

   
 

   

                 ... (20) 
 

Limiting Case: by making  1   
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Applying inverse Laplace transform, we get 

 
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Applying inverse Fourier sine transform for Eq. 22, 

we get 
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... (23) 
 

Solution of velocity field 

To Eq. (14) we apply the Fourier sine 

transformation on both sides we get, 
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                 ... (24) 
 

Next step, applying the Laplace transform on both 

sides of Eq. (24)we get, 
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                 ... (25) 
 

Next step, applying the inverse Laplace transform 

in Eq. (25), to make the simplification easy we 

consider two Laplace transform functions as 
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6
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... (26) 
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... (27) 

 

Inverting the function b  by applying the inverse 

Laplace transform, we obtain the following relation 

 
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( 

                 ... (28) 

By applying the inverse Fourier sine transform to both 

the sides of Eq. (28), we get 
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                 ... (29) 

Where 1    and 3 10
6 2

a a M
k Pr a

Pr q
 
 

   
 

. 

We repeat the same procedure for solving the 

function a .Before applying inverse Laplace 

transform rewrite the function a  is 
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                 ... (30) 
 

Applying the inverse Laplace transform we get, 
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                 ... (31) 

 
Taking inverse Fourier sine transform on the both 

sides of Eq. (31) 
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                 ... (32) 
 

Finally, adding Eqns. (29) and (32) is the analytical 

solution of velocity Eq. (13). That is 
 

     , , ,u x a x b x   
 

... (33) 

 

Limiting Case: by making  1   

Take 1   in Eq. (25), we get 
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                 ... (34) 

 

Applying the inverse Laplace transform in Eq. (34), 
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By simplification we get, 
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... (37) 

Substitute Eqns. (36) and (37) in Eq. (35), we get, 
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                 ... (38) 

Applying inverse Fourier sine transform, we get 

 

 

 

2
32

6 10

2
6 10

6 8

310 3 10
6 62 2

0 3 8

3 3 10 10
6 62 2

1 1

2
, sin

1

a q
a q a M

Pr

a q a M

a Gra
e e

a M a a M
q a q a

q Pr q
u x qx dq

Gra a
e

a a M a M
Pr q a a

Pr q q

 

 



 




 

 



 

                      
     

        
     
    



 

 

 

 

 

2
32

6 10

2
6 10

6 8

210 3 10
6 62 2

0 3 8

2 3 10 10
6 62 2

1 1

2 sin
,

1

a q
a q a M

Pr

a q a M

a Gra
e e

a M a a M
a q a

qxq Pr q
u x dq

qGra a
e

a a M a M
Pr q a a

Pr q q

 

 



 




 

 



 

                      
     
        
     
    



 

 

6 6

3

7 7

3
3

4
5 6 5 6

3 5 5

4
5 7 5 7

3 5 5

4

3 3

4

3

1
( , ) 1

2 2 2

2 2 2

2

2

x B x B

B
x B x B

B PrB x
a

B x x
u x e erfc B B e erfc B B

B B B

B e x x
e erfc B B e erfc B B

B B B

B x Pr
erfc

B a

B e
e

B





  
 

 
 







     
                    

    
       

        

 
  

 
 



3

3 3

3 3

3 32 2

B Pr
x

ax Pr x Pr
erfc B e erfc B

a a
 

 

    
      

        

 

 

                 ... (39) 
 

Expressions of Nussult number and skin friction 

The key engineering factors are given by: 
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From Eqns. (20) and (40), we evaluate the Nussult 

number as follows: 
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From Eqns. (33) and (41), we derived the skin-

friction coefficient as follows: 
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                 ... (44) 
 

Discussions on graphical and tabular results 

The fluid with unsteady, convective, 

incompressible MHD flow of non-Newtonian Casson 

fluid consisting EG-GO and EG-MWCNT’s 

nanoparticles through a vertical flat infinite plate is 

considered. Caputo fractional derivative is used to 

obtain the exact analytical solutions of dimensionless 

energy and momentum equations by using the 

combination of Fourier sine and Laplace 

transformations. The fascinating behaviour of 

different physical parameters on temperature and 

velocity of investigated problem, plotted via graphical 

representations by using the software MATLAB. The 

impact of the physical parameters such as  , Pr , Gr

, ,  , M which are fractional parameter, Prandtl 

number, thermal Grashof number, volume fraction, 

Casson parameter and magnetic field parameter, 

respectively, on temperature and fluid transport are 

investigated besides that also examined the dynamics 

of the physical results when 0.5   and 1.5  . 

Explained the influence of the Caputo fractional 

derivative model used in this problem. In Fig. 1 the 

geometry of the current problem is displayed.  

The thermophysical properties of the host fluid 

Ethylene glycol(EG) and the nanoparticles Graphene 

oxide(GO), Multiwall Carbon nanotubes (MWCNT’s) 

are listed in Table 1 and Table 2, respectively. Table 3 

indicates the various shapes of nano particles. 

Calculated values of Nussult number and Skin-

friction presented in Table 4 and Table 5, 

respectively. 

 

Temperature profiles 

We begin the analysis with heat Eq. (15), which is 

having the solution given in Eq. (20). Temperature 

profiles are plotted to understand a comparison 

between EG-GO and EG-MWCNT’s nanofluids. The 

effect of Caputo fractional parameter   on thermal 

distribution is shown in Fig. 2 and Prandtl number is 

fixed at Pr 6.2 . We observe that in Fig. 2(a), 

considered time 0.5  , when the fractional order 

derivative raises the tendency of fractional thermal 

equation is raising as well as decreases. Which means 

when the time is less than 1, the derivative of Caputo 

fractional operator has simulation diffusion effect in 

the process. In Fig. 2(b) consider time 1.5  , when 

the order increases as well as the heat diffusion is also 

increases. The arrow represents the direction of the 

Table 1 — Thermophysical properties of nanofluids49 

Properties Nanofluid 

Density  1nf f p      
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1

p f p fnf

f p f p f

k n k n k kk

k k n k k k





     
  

       

Electrical conductivity 

3 1

1

2 1

p

fnf

f p p

f f






  


 

  
   

  
     
                

 

Table 2 — Thermophysical properties of host fluid and nanoparticles49,50 

Thermo-Physical 

Properties 

Host fluid Nanoparticles 

(Ethylene Glycol) Graphene Oxide MWCNT’s 

 3.mKg 

 
1114 1800 1600 

 1 1

pC J Kg K 

 
3630 

717 796 

 1 1K W m K 

 
0.252 

5000 3000 

 1S m 

 
65.5 10  

76.30 10  
710  

 5 110 k  
 

57 
42.84 10  

44 

 



JYOTHI & VIJAYAKUMAR: EXACT SOLUTIONS ON MAGNETOHYDRODYNAMIC CASSON NANOFLUID 

 

 

205 

dynamical behaviour of fluid temperature. In Fig. 3 it 

is displayed that the impact of the volume fraction   

at distinct times 0.5   and 1.5 . With an increase in 

the values of   then temperature also increases 

because the thermal conductivity of nanofluids rises 

by raising the volume fraction  . In this paper, 

weconsider five distinct shapes (blade, platelet, 

cylindrical, brick and spherical) of nano sized 

particles. Fig. 4 represents the variations of 

temperature distribution for different shapes of nano 

particles. We observe that blade shaped nanoparticles 

gives the effective results for temperature distribution. 

A comparison between temperature profiles of pure 

base fluid Ethylene glycol, nanofluids EG-GO and 

EG-MWCNT’s are drawn in Fig. 5. It is observed that 

EG-MWCNT’s nanofluid is more effective than EG-

GO nanofluid. 
 

Velocity profiles 

This section we begin with the analysis of velocity 

Eq. (14), which is having the solution given in Eq. 

(33) by plotting graphs for various values of fractional 

derivative parameter at two various times 0.5   

and 1.5  while other parameters such as the Casson 

Parameter, volume fraction, Prandtl number and 

Table 3 — Values of n corresponding to different shapes of 

nanoparticles29 

Shape n 

 

Blade 
 

8.3 

Platelet 
 

5.7 

Cylinder 

 

4.9 

Brick 
 

3.7 

Spherical 

 

3 

 

Table 4 — Numerical values of Nussult number  

Pr t     Nu  

EG-GO EG-MWCNT 

6.2 0.5 0.65 0.03 2.204720922981094 2.204588711516918 

9 - - - 2.656311690261258 2.656152398055966 

12 - - - 3.067244538847775 3.067060604052565 

- 1.0 - - 1.760025155182551 1.759919610984042 

- 1.5 - - 1.542727481122530 1.542634967708711 

- - 0.80 - 2.088871112927400 2.088745848679470 

- - 0.95 - 1.938795029298545 1.938678764728781 

- - - 0.04 2.165363531108934 2.165188987268812 

- - - 0.05 2.126905912865792 2.126689863754161 
 

Table 5 — Numerical analysis of Skin-friction coefficient 
 

Pr t     
Gr  

 
M  fC  

EG-GO EG-MWCNT 

6.2 0.5 0.65 0.5 5 0.03 0.5 -0.844075806784696 -0.859203405972172 

9 - - - - - - -0.858722571828727 -0.873092122255381 

12 - - - - - - -0.865894179074936 -0.879083677512725 

- 1.0 - - - - - -0.885914535676654 -0.901244883493232 

- 1.5 - - - - - -0.892711217503574 -0.907537066607193 

- - 0.80 - - - - -0.881816568152140 -0.896659283412883 

- - 0.95 - - - - -0.927822719984897 -0.943913258287680 

- - - 1.0 - - - -1.484403124617359 -1.507738895840512 

- - - 1.5 - - - -1.902582135273361 -1.926627988190905 

- - - - 6 - - -1.143466241666967 -1.160964031681538 

- - - - 7 - - -1.441706529315939 -1.463241536592930 

- - - - - 0.04 - -0.805073594047506 -0.824918215344650 

- - - - - 0.05 - -0.766433032424698 -0.791377032078322 

- - - - - - 1 -0.750042510958862 -0.764451747066493 

- - - - - - 1.5 -0.670735082023437 -0.685712912550201 
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Grashof number, Magnetic field parameter being 

fixed to particular values. Velocity profiles are plotted 

to understand a comparison between EG-GO and EG- 

MWCNT’s nanofluids. The velocity distribution 

behaviour for fractional operator is presented in  

Fig. 6. The influence of Caputo fractional operator   

can be useful in many physical situations to get an 

accurate result on fluid velocity by varying  . It is 

observed that when time 0.5   in Fig. 6(a), when 

Caputo order derivative operator rises, then the 

velocity falls. It can also be noticed that a reverse 

phenomena exhibited in Fig. 6(b) when 1.5  such 

as, the Caputo order derivative parameter increases 

the velocity rises.  

 
 

Fig. 2 — Graphical representation of the temperature field with distinct values of   the fractional parameter (a) 0.5   and (b) 

1.5   for 6.2Pr  , 3n   and 0.05   

 

 
 

Fig. 3 — Graphical representation of the temperature field with different values of volume fraction   (a) 0.5   and (b) 1.5   for 

0.65  , 3n   and 6.2Pr   
 

 
 

Fig. 4 — Graphical representation of the temperature fieldwith different shapes of nanoparticles (a) 0.5   and (b) 1.5   for 

0.95  , 0.05   and 6.2Pr   
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Fig. 7 shows the impact of Casson parameter   in 

two different time values. We observe that, when 

raises, velocity reduces. The physical reason is 

illustrated  that  when  increasing   the   Casson   fluid 

parameter the viscosity of velocity boundary layer 

turns down. While the Grashof number represents the 

ratio between the buoyancy forces due to spatial 

variation in fluid density (caused by temperature 

differences) to the restraining force due to the 

viscosity of the fluid. The real-world situations mean 

the natural convection plays a vital role in the 

progress of flow that states Gr  is the most significant 

physical parameter.  

In Fig. 8, we observed the impact of thermal 

Grashof number Gr  on velocity distribution. We 

observed that when thermal Gr raises (for cooling 

 
 

Fig. 5 — Graphical representation of the fluid temperature with various nanoparticles (a) 0.5   and (b) 1.5   for 0.95  , 

0.05  , 3n   and 6.2Pr  . 

 

 
 

Fig. 6 — Graphical representation of the velocity with various values of fractional parameter   (a) 0.5   and (b) 1.5  , for 

0.5  , 0.05  , 3n  , 6.2Pr  , 0.5M   and 5Gr   
 

 
 

Fig. 7 — Graphical representation of the velocity with various values of   (a) 0.5   and (b) 1.5   for 0.65  , 0.05  , 

6.2Pr  , 3n  , 0.5M  and 5Gr   
 



INDIAN J. CHEM. TECHNOL., MARCH 2024 

 

 

208 

plate), there is raise in fluid velocity while there is 

reduction in fluid velocity when the thermal Gr  

decreases (for heating plate).  

Figs. 9(a)-9(b) represents the time influence on 

velocity distribution. It is seen that as time increases 

the fluid velocity increases. Figs. 10(a)-10(b) displayed 

the impact of the volume fraction   at different times 

0.5   and 1.5 . With an increase in the values of 
the velocity decreases, it reveals, the fact that the 

greater values of volume fraction get reduction in the 

velocity distribution.  

Figs. 11(a)-11(b) displayed the impact of the volume 

magnetic field parameter M  at different times 

0.5   and 1.5 . It is observed that, with an increase 

 
 

Fig. 8 — Graphical representation of the velocity with various values of Grashof number Gr  (a) 0.5   and (b) 1.5   for 

0.65  , 0.05  , 6.2Pr  , 3n  , 0.5M   and 0.5 
 

 

 
 

Fig. 9 — Graphical representation of the velocity at different times for 0.65  , 0.05  , 6.2Pr  , 5Gr  , 3n  ,

0.5M  and 0.5 
 

 

 
 

Fig. 10 — Graphical representation of the velocity with distinct values of volume fraction   (a) 0.5   and (b) 1.5   for 

0.65  , 6.2Pr  , 5Gr  , 3n  , 0.5M   and 0.5 
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in the values of M the velocity decreases, which 

means that the greater values of magnetic field 

parameter is decreases the velocity distribution.  

Figs. 12(a)-12(b) represents the variations of 

velocity distribution for different shapes of 

nanoparticles. It is observed that the blade shaped 

nanoparticles give the effective results for velocity 

distribution.  

A comparison between velocity profiles of pure 

base fluid Ethylene glycol, nanofluids EG-GO and 

EG-MWCNT’s are presented in Figs. 13(a)-13(b).  

It is noticed that EG-MWCNT’s nanofluids is 

 
 

Fig. 11 — Graphical representation of the velocity with distinct values of magnetic field parameter M  (a) 0.5   and (b) 1.5   

for 0.65  , 6.2Pr  , 3n  , 5Gr  , 0.05  and 0.5 
 

 

 
 

Fig. 12 — Graphical representation of the velocity with distinct shapes of nanoparticles (a) 0.5   and (b) 1.5   for 0.65  , 

6.2Pr  , 5Gr  , 0.5M  , 0.05   and 0.5 
 

 

 
 

Fig. 13 — Graphical representation of the velocity with distinct nanoparticles (a) 0.5   and (b) 1.5   for 0.65  , 

6.2Pr  , 5Gr  , 3n  , 0.5M  , 0.05   and 0.5 
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superior than EG-GO. Figs 14(a)-14(b) are the 3D 

representation of Nussult number. 
 

Conclusion 

The Caputo fractional derivative model, flow 

caused by due to an infinite vertical surface and 

buoyancy driven, Casson nanofluid with MHD effects 

are proposed in the current work. The present solution 

of formulated problem with Caputo derivative is 

derived by the combination of Fourier sine and 

Laplace transformations methods. Moreover, the 

numerical and graphical outcomes exemplify that the 

fractional thermal transport can predict significant 

heat transfer enhancements of nanofluids.  

Following are the key findings: 

 The blade shaped nanoparticles are giving the 

most effective results by comparing other shaped 

nano particles to enhance the heat transformation 

rate. 

 We observe that, the temperature of the fluid 

having dual behaviour when   increases at 

0.5   and the temperature of the fluid also 

increases when an increase in  ( 1.5  ) and 

 0.5,1.5   . 

 By comparing the two types of nanoparticles EG-

GO and EG- MWCNT’s it is observed that EG-

MWCNT’s gives good results in temperature and 

velocity distributions.  

 The velocity decreases when   increases at 

0.5  . Also velocity drops when  ,   and 

M raise at 0.5   and 1.5 . 

 The velocity increases when the fractional 

parameter   increases at 1.5  . The velocity 

enhances when Gr is raised at 0.5   and 1.5 . 

Also the velocity strengthens when time is 

increased. 

 Nussult number of EG-GO and EG-MWCNT’s, 

increases by elevating Pr  and falls by increasing 

values of ,  ,  . 

 Skin frictions of EG-GO and EG-MWCNT’s, 

increase with an enhance in M  and  and 

decreases with an increase in Pr ,  ,  ,    

and Gr . 

 
Nomenclature 

Symbol  Quantity Units 
t  : Times s 
g  : Gravitational acceleration 2/m s  

 ,u x t  : 
Fluid Velocity /m s  

 ,T x t  : Fluid Temperature K  

wT  : Wall Temperature K  

nf  : Electrical conductivity 
1 1m   

T
 : Ambient Temperature K  

  : density 
3/Kg m  

nf  : Dynamic Viscosity /Kg ms  

nfk  : Thermal conductivity of 

the nanofluid 

1 1W m K 
 

nf  : Volumetric coefficient of 

thermal expansion 

1k 
 

pC  : Specific heat capacity / .J Kg K  

0B  : Magnetic field strength    

 
 

Fig. 14 — 3D graphical representation of Nussult number with distinct nanofluids (a) EG-GO (b) EG-MWCNT’s for 0.65  , 

0.05  , 3n   and 6.2pr 
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M : Magnetic field parameter    

  : Volume fraction of 

nanoparticles 
   

 ,x   : Dimensionless 

Temperature 
   

 ,u x   : Dimensionless Velocity    

q  : Fourier Transform 

Parameter 
   

s  : Laplace Transform 

Parameter 
   

  : Casson Parameter    

  : Fractional Parameter    

Nu  : Nussult Number    

Pr  : Prandtl Number    

fC  : Skin friction coefficient    

Gr  : Thermal Grashof Number    

erf  : Gaussian error function    

erfc  : Complementary error 

function 
   

 

Subscripts 

 : Conditions on the wall 

 : Free stream Conditions 

 
: Nano material 

 
: Base fluid 

 : Nano particle 
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