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Non-Newtonian nanofluids are widely utilized in medical and engineering fields, such as in cooling of microchips, 
lubrications, cancer therapy, drug delivery etc. In the present article, we focused on the electro-osmotic effect on the 
peristaltic transport of a non-Newtonian nanofluid inside a horizontal micro-channel. The fluid obeys Williamson model, 
flowing through a porous medium with modified Darcy's law. In addition, the effects of a chemical reaction with the 
contribution of activation energy are taken in consideration. Furthermore, in the case of modified Darcy's law, the apparent 
viscosity of the fluid is used in the governing equations. Furthermore, when temperature of the hot wall tube is less than 
three times that of the cold wall, the term of the activation energy is simplified by using Taylor expansion.The governing 
equations that illustrate the velocity, temperature, and concentration of nanoparticles distributions are considered and 
simplified under the assumptions of a long wavelength and low Reynolds number. The homotopy perturbation method is 
used as semi-analytical solution for the governing equations. Moreover, some figures are used to illustrate and discuss the 
role of physical parameters entering the problem on the obtained solutions. Since, most of non-Newtonian fluids are 
viscoelastic materials, it is important to discuss the effect of Weissenberg number that represents product of strain rate and 
relaxation time. It is found that Weissenberg number has dual effects on the axial velocity as well as the temperature and the 
concentration distributions. In addition, according to Fick's law of diffusion; the temperature and concentration distributions 
should have opposite effects, however, it is found that the increases in the thermophoresis parameter increases both 
temperature and concentration distributions. This means the nanoparticles are more concentrated when migrates from one 
side of the tube to the other side. Furthermore, the graphs illustrate the dissimilar effect of the activation energy and the rate 
of the chemical reaction on the concentration of nanoparticles. 
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Introduction  
Peristaltic flow is a muscle-controlled flow of the 

fluid contained in a distensible channel where 
periodic wave of contraction and expansion travels 
along the walls. In physiology, peristaltic pumping is 
widely occurs in the swallowing of food through the 
esophagus, the movement of chyme through the 
intestine, intra-uterine fluid motion, the transport of 
bile, spermatic flow in the male reproductive tract and 
the movement of eggs in the fallopian tube, etc. 
Moreover, this flow is also involved in numerous 
industrial applications such as rollers, hose and tube 
pumps and biomedical applications such as dialysis, 
open-heart bypass and heart-lung machines. In 1966, 
Latham carried out the first investigation for this type 
of flow; later many researchers studied the peristaltic 
flow of fluid under different circumstances1. 

Sharma et al.2 examined the Magneto-
hydrodynamic (MHD) flow of blood in an inclined 

stenosed artery. In their study the blood obeys Casson 
model. Ram et al.3 studied the MHD peristaltic flow 
of Swine flu virus through the saliva in Oesophagus. 
In their study saliva is a non-Newtonian fluid that 
obeys Jeffrey model that carries the nano-size virus 
particles. Ram et al.4 modulated a mathematical 
model for the peristaltic transportation of blood-borne 
virus through the blood stream.In their study, the 
blood is non-Newtonian fluid that obeys couple 
stressmodel and carries the nanoparticles of blood-
borne virus. Abdelmoneim et al.5 investigated the 
peristaltic transport of a Papanastasiou nanofluid 
within an inclined uniform channel in the presence of 
various external effects such as electroosmosis, 
modified Darcy's law, Dufour and Soret effects, 
mixed convection, chemical reactions. Eldabe et al.6 
used homotopy perturbation method (HPM) to solve 
the governing equations the MHD peristaltic flow 
Bingham nanofluid through a non-uniform inclined 
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duct. In addition, the impacts of thermal radiation, 
thermal diffusion and chemical reaction were 
considered. 

Non-Newtonian fluid has a complex rheology 
(deformation) as its strain and the applied shear stress 
are in nonlinear relationship, such as polymer 
solutions, blood, greases, pastes, etc. It is intractable 
for a single model to exhibit all properties of non-
Newtonian fluids. Hence, there are several models 
that are used to study the flow of non-Newtonian 
fluids. Over time, non-Newtonian models have been 
used to study the behavior of fluids, as most fluids in 
nature are non-Newtonian; to entrench the scientific 
value of the researches. Ismael et al.7 studied the 
MHD peristaltic flow of a non-Newtonian micropolar 
nanofluid between two horizontal co-axial channels 
under the influence of Darcy's porous law, chemical 
reaction, and viscous and Ohmic dissipations. Eldabe 
et al.8 studied the peristaltic flow of a non-Newtonian 
third-grade nanofluid inside asymmetric channel in 
the presence of radially varying magnetic field 
besides the effects of mixed convection and thermal 
radiation. Hayat et al.9 studied the peristaltic flow of 
non-Newtonian Carreau-Yasuda nanofluid inside 
asymmetric duct under the influence of mixed 
convective, Brownian motion and thermophoresis 
effects. Mishra et al.10 studied the MHD cilia flow of 
Jeffery nanofluid in a porous medium through an 
inclined channel. In addition various effects were 
considered such as inclined magnetic field, 
thermophoresis, Brownian motion, porous medium, 
chemical reactions, and activation energy. There are 
also some other interesting researches that focused on 
the flow of non-Newtonian fluids are reported.11-15. 

A pseudoplastic (shear thinning) materials are a 
non-Newtonian fluid that behave like plastic materials 
(can be molded) as its viscosity decreases with 
increasing rate of shear stress, such as ketchup, 
yogurt, whipped cream, molasses, nail polish, latex 
paint and blood. The difference between 
pseudoplastic flow and ideal plastic flow is the 
absence of yield stress. One of the pseudoplastic 
models is Williamson model. In 1929, Williamson16 
presented its model to exhibit the pseudoplastic flow. 
In the Williamson model, the apparent viscosity starts 
from 0  at the zero shear rate and gradually decreases 

to  at the shear rate tends to infinity. Williamson 
fluid model is commonly used to study the effects of 
Weissenberg number (ratio between elastic forces to 
the viscous forces). Nadeem and Akram17 is one of 

the pioneer researches that studied the peristaltic flow 
of Williamson fluid. Eldabe et al.18 studied the MHD 
peristaltic flow of Williamson nanofluidinside an 
asymmetric duct, in their study; the flow is through a 
non-Darcy porous medium under the influence of  
Hall current, viscous and Ohmic dissipations. Rashid 
et al.19 used HPM to solve the momentum equation 
that governs the MHD peristaltic transport of 
Williamson fluid in a curved tube. There are other 
interesting researches that deal with the flow of 
different models of non-Newtonian fluids20-23. 

Nowadays, the advance in materials technology has 
made it possible to produce nanometer-size particles. 
In 1995, the term 'nanofluid' was firstly introduced by 
Choi. Nanofluids represent a new class of fluids, 
where nanometer-sized metals such as gold (Au) or 
nonmetals such as Aluminum oxide (Al2O3) are 
immersed dispersed in the fluid (base fluid). 
Nanofluid has enhanced thermal conductivity that are 
widely requested in industrial and biomedical fields 
such as cooling of nuclear reactors, lubrications, 
cancer therapy, drug delivery etc. Due to this 
numerous applications, the study of the flow of 
nanofluids gained the interest of many researchers 
under different external effects. Moreover, since 
nanoparticles may interact with each other and gather 
together, the effect of chemical reaction is taken in 
consideration in the majority of the recent studies. 
Eldabe et al.24 studied the MHD peristaltic flow of a 
power-law nanofluid through a non-uniform inclined 
channel, in their study the flow is through a non-
Darcy porous medium under the impacts of thermal 
radiation, heat generation, and Ohmic dissipation. 
Abou-zeid25 studied the MHD peristaltic flow of 
Jeffery nanofluid, in their study the flow is through a 
porous media between co-axial cylinders under the 
influence of Ohmic and viscous dissipations, and 
thermal radiation. Eldabe et al.26 studied the peristaltic 
flow of MHD Herschel Bulkley nanofluid in a non-
uniform vertical duct, in their study the flow is 
through a non-Darcy porous medium and the effect of 
chemical reaction was considered. There are other 
interesting researches that deal with the flow of 
nanofluids27-33. 

Nanofluids can be studied theoretically or 
experimentally in order to control heat transfer in the 
process. There are two ways to simulate nanofluids, 
namely, single, and two-phase. Nanofluids are treated 
as the common pure fluids in the single-phase model, 
and there are not any slip velocities between the 
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nanoparticles and fluid molecules. In the two-phase 
model, the researchers consider that there are slip 
velocities between the nanoparticles and fluid 
molecules. So, there would be a variable 
concentration of nanoparticles in a mixture. Also, the 
velocity between the fluid and particles may not be 
vanished due to many factors such as friction between 
the fluid and solid particles, Brownian forces, gravity, 
Brownian diffusion, thermophoresis properties, and 
dispersion. In the single-phase model, the 
nanoparticles can be easily fluidized, and therefore, it 
can be assumed that the motion slip between the 
phases would be considered negligible. In the present 
study, we assume the two-phase model, i.e., both 
Brownian and thermophoresis effects will appear in 
the governing equations system. 

More than two centuries ago, Ferdinand Friedrich 
Reuss carried out the first investigation of moving 
water through a porous clay due to the presence of an 
external electric field. The primary important outcome 
was the ability of flow of water solely through 
application of an external electric field and without 
any mechanical parts. The flow according to this 
principle was later called electrokinetic transport. 
Electroosmosis is one of the electrokinetic 
phenomena where the bulk liquid in a micro-channel 
flows with respect to the walls due to the influence of 
an external electric field along the axis of the channel. 
The liquid is an electrolyte solution that carries 
cations (positively charged atoms) and anions 
(negatively charged atoms). If the channel walls are 
negatively charged, hence they pull cations from the 
electrolyte solution and repel anions, Hence the 
electric double layer (EDL) is formed. The ELD is 
composed of two distinct layers: the Stern layer, 
where the cations are clustered on the walls and are 
not allowed to move due to strong electrostatic 
attraction, the second layer is the Gouy-Chapman 
diffuse layer, where both cations and anions are 
clustered together but are free to move under the 
influence of the external electric field, dragging with 
them the bulk fluid which is called electroosmotic 
flow. The electroosmotic flow of non-Newtonian 
nanofluids is involved in many applications like smart 
sensors, food diagnostics and DNA chips34-35. Noreen 
et al36 presented a mathematical model for the bolus 
electro-osmotic flow of Williamson fluid, in their 
study; the flow is inside an asymmetric microchannel 
with different zeta potentials between the walls. 
Prakash and Tripathi37 studied the electroosmotic 

peristaltic flow of Williamson nanofluids inside a 
symmetric non-uniform channel under the influence 
of mixed convection, thermal radiation, and Dufour 
and Soret effects. Moatimid et al.38 studied the 
electro-osmotic the peristaltic transport of biviscosity 
nanofluid through a micro-channel under the effects 
of mixed convection, thermophoresis, and Brownian 
diffusions. Eldabe et al.39 focused on Newtonian 
nanofluid electro-osmotic peristaltic flow through 
horizontal symmetric channel;in their study the flow 
is through a porous medium in the presence of Hall 
currents, thermophoresis, Brownian diffusions effects 
and slip boundary conditions. Rafiq et al.40 studied the 
electroosmotic peristaltic transport of Jeffrey 
nanofluid through an asymmetric channel under the 
impact of chemical reaction and slip conditions. 

The fluid flow problems with heat and mass 
transfer under the effect of chemical reactions have 
numerous applications in metallurgy, petroleum and 
chemical engineering industries, such as food 
processing, polymer production, cooling of nuclear 
reactors, and the flow in a desert cooler. In 1889, 
Arrhenius introduced the activation energy. It is the 
minimum amount of energy that is required to start a 
chemical reaction. It may be in the form of potential 
energy or kinetic energy. Accordingly, in the absence 
of activation energy, reactants do not interact and 
cannot form products. Activation energy is widely 
involved in chemical engineering, geothermal and 
mechanics of water and oil emulsions. Ellahi et al.41 
studied the peristaltic flow of couple stress  
nanofluid in a coaxial tube, under the influence of 
chemical reaction with activation energy effects. 
Ibrahim et al.42 focused on the MHD peristaltic 
pumping of Bingham nanofluid through a non-Darcy 
porous medium, in the presence of chemical reaction 
with activation energy effects. 

In the present study, the pseudoplastic nanofluid 
obeys Williamson model, the flow is inside a 
horizontal channel with peristalsis movement along 
the walls of the channel. Moreover, due to the 
presence of external electric field, electro-osmotic is 
considered. In addition to, the flow is through a 
porous medium that obeys modified Darcy's law, 
where the apparent viscosity of the fluid is used in the 
porous term instead of the Newtonian viscosity. Also 
interaction between the nanoparticles is not neglected, 
therefore the effects of chemical reaction with 
activation energy are considered. To our best of 
knowledge, this model is not studied so far. 
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Furthermore, in the absence of the modified Darcy 
porous medium our model bears resemblance to the 
issue investigated by Eldabe et al.18. 
 
Mathematical formulation of the problem 

The two-dimensional peristaltic flow of 
Williamson nanofluid, the flow is through a porous 
medium inside a horizontal duct, in the presence of 
external electric filed is investigated. The porous 
medium obeys modified Darcy’s law, and the effects 
of Electro-osmotic phenomenon, chemical reaction 
and activation energy are taken into consideration. 
Cartesian coordinates  Y,X in the fixed laboratory 
frame are chosen, where X-axis denotes the axis of 
the tube. Fig. 1 represents the problem where the dot 
lines represent the elastic walls of the channel and the 
solid lines represent the sinusoidal waves (peristaltic 
transport) along the walls. The lower wall has 
temperature 0T  and the solute concentration is 0C

while the upper wall has temperature 1T and the solute 

concentration is 1C . The geometrical shape of the wall 
deformation is defined by: 
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For incompressible non-Newtonian fluid with the 
relation between   and  is: 
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From literature18 the apparent viscosity of 
Williamson fluid is written as: 
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Taking the case for which 0 and 1  , 
applying Taylor expansion, then it becomes  
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Also from Eqs. 9 and 10  . is written as : 
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Maxwell's equations are a set of fundamental 
equations that describe how electric and magnetic 
fields interact and propagate in space. One of these 
equations is: 


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Fig. 1 — Physical model and coordinates system 
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In the context of electrochemistry and 
electrostatics, it is possible to regard the electric field 
as a conservative field. This implies that it can be 
represented as the gradient of a scalar potential 
function, which is commonly referred to as the 
electric potential: 

E


   ... (17) 

Using Eq.16 into Eq. 17, hence 
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Considering a symmetric binary electrolyte solution, 
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Considering no EDL overlap, hence, the number of 
densities of cations and anions are given by 
Boltzmann distribution: 
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Using Eq. 20 into Eq. 19, therefore Eq.18 can be 
written as: 
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The exact solutions of the Poisson–Boltzmann  
(P–B) equation described above often require  
the use of special functions or specific assumptions, 
which can make them impractical for practical 
applications. To address this limitation, researchers 
have developed several approximate solutions for the 
P–B equation. One of the well-known approximations 
is derived from the widely recognized Debye–Hückel 
(DH) linear approximation. Essentially, the DH 
approximation employs a linear connection between 
ion concentration and electric potential, serving as a 
substitution for the original non-linear Boltzmann-
type correlation between these variables. However, 
this approximation is suitable for situations 
characterized by low zeta potential conditions. This 
approach is commonly employed in scientific 
literature due to its straightforward and efficient 
computational process43. 

Consequently, considering the value of   is small 
enough to apply the Debye-Huckel linearization 
approximation, the equation can be simplified as 
follows: 
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The fixed frame  Y,X  can be transformed to the 

moving frame  y,x  by using the following 
transformations 
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The governing equations in the moving frame are: 
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From Eq. 8 the term xR  and yR are defined as: 
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... (28) 

It is clear that in the case of Newtonian fluid 
(where 0 ), the modified Darcy’s term will be 
reduced to the ordinary Darcy porous term 

 V
k

=R


0 .  ... (29) 
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The appropriate boundary conditions correlated to 
the governing equations in the moving frame are: 
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... (30) 
The boundary conditions associated to the wall zeta 

potential   are: 

      at  y
y

 φ
H  ,      yζ     at   φ 00 




   ... (31) 

Eq. (31) implies that the fluid particles closest to 
the solid boundary of channel are travelling equal 
displacements in equal times in the opposite direction. 
While, Eq. (32) means that there is a constant zeta 
potential on the solid boundary and a maximum value 
is exist on the symmetric axis of channel. Considering  
Considering  
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Now, we shall introduce the following 
dimensionless quantities: 
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... (33) 
Considering low Reynolds number and long wave 

length ( Re or δ are neglected). 
Thereby, after dropping the star mark, the apparent 

viscosity becomes: 
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and the dimensionless governing equations become: 
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The non-dimensional boundary conditions 
correlated to the governing equations are: 
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and the dimensionless boundary conditions 
associated to   are : 
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Since, the dimensionless equation of Eq. 21is : 
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And after using the dimensionless boundary 
conditions in Eq. 40, then the solution of Eq. 41 can 
be written in the non-dimensional form as: 
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Hence, the Eq.36 becomes: 
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Considering   11   and using Taylor 

expansion, Hence Eq. 38 becomes 
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Again using   11  , then Eq. 44 becomes: 
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Method of solution 
The governing Eqs. (43), (37) and (45) form a system 

of non-linear partial differential equations with boundary 
conditions (36), to solve this system, homotopy 
perturbation method (HPM) was used. Since  yx,ψψ   , 

 yx,  ,  yx,ff   where  xHy  , therefore by 
considering a vertical slice of the channel by taking 

  20.x  2 Sin  , the boundary conditions are fixed at 

21.Hy  , Consequently, the system of governing 
equations is considered as a system ordinary differential 
equations (O.D.E). 
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Considering p  is a small parameter, such that

10  p  so that: 
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Considering the boundary conditions (39), we got 
the initial approximations (zero order) of the 
equations (46- 49) as follows: 
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The zero, first and second orders solutions for the 
stream function , temperature distribution   and 

nanoparticles concentration are computed. Hence at 

1p  we got the solution form for the functions 

(49) as follows:  
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The constants 330 AA   are functions in the 
entering physical parameters and they are available 
upon request from the authors. 
 
Results and Discussion 

We studied the flow of the peristaltic flow of the 
Williamson nanofluid in the presence of various 
external effects. The most novel terms in our model is 
modified Darcy porous medium, electroosmosis and 
the simplified activation energy.In the momentum 

governing equation (Eq. 43) the terms















2

2

1
y

ψ
We

and 

   y Cosh 
H Cosh

U HS 


 2
 are related to the presence of the 

modified Darcy porous medium and the 
electroosmotic flow respectively. In addition the right 
hand side of the concentration governing equation 
(Eq. 45) is related to the presence of the presence of 
the activation energy. 

The system of governing equations for velocity, 
temperature and concentration was solved by HPM 
method, and to support the results, the effects of 
various parameters entering the problem are discussed 
through the Figs. (2)–(14). Physically; nanoparticles 
are good conductors of heat, therefore Prandtl number 
Pr  is fixed at a small value to catch up with the 
strong thermal diffusivity. In addition Weissenberg 
number is fixed at a small value to satisfy the 
domination of viscous forces. Moreover, 
Electroosmotic parameter   is fixed at a large value 
to emphasize thin electric double layer (EDL)8, 18, 44. 
The graphs show that u  is always negative and its 
curve has a minimum peak. This means that the flow 
is in the negative direction of x-axis (retarded flow). 
Hence, the axial velocity u  decreases (increases in its 
negativity) along the path form the lower wall 
 Hy   to the upper wall  Hy  . 

Fig. 2 shows that the velocity is highly affected by the 
permeability parameter, it is found thatudecreases in its 
negativity as k increases, this behavior is in agreement 
with Eldabe et al.1. Physically, in the absence of 
permeability  k ,it is found that the axial velocity 
of this model aligns with the positive direction of x-axis. 
Hence, as k increases the flow in the negative direction 
is damped and the curve of u  goes flatten. 
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Fig. 2 — The velocity distribution u  for different values of k
where 21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 

51.S   , 031.  , 40.Nt   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 50.EA   , 80.k  , 2n  
 

 
 

Fig. 3 — The velocity distribution u  for different values of eW
where 21.h  , 1 x/p , 1.0eW , 2  , 51.S   , 

031.  , 40.Nt   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 50.EA   , 80.k  , 2n , 30.k   
 

Fig. 3 shows that in the lower region (below the 
axis of the tube) u  decreases as eW increases while the 
effect is revised in the other side. The dual effect 
behavior is in agreement with Noreen et al36 and 
Akbar45. Physically, pseudoplastic fluids are 
viscoelastic materials in which the yield stress is 
absent, Weissenberg number represents the ratio 
between elastic forces to the viscous forces, and it is 
simplified to be defined as the strain rate multiplied 
by the relaxation time, where the relaxation time is 
the time taken by the fluid to inherit the flow under 
the applied share stress46. Near the lower wall; the 
fluid layers gain energy from the hot wall, here as eW  
increases the relaxation time increases and the strain 

rate decreases, hence the axial velocity decreases (less 
negativity). In contrast, near the upper wall; the fluid 
layers lose its energy, here as We  increases the 
relaxation time decrease and the strain rate increases, 
hence the axial velocity increases (more negativity). 

Fig. 4 shows that u  increases in its negativity as 

HSU  increases. On the other hand, in the absence of 

permeability  k , the direction of the axial 

velocity is reversed and Fig. 5 shows that u  increases 
in the positive direction as HSU  increases. This agrees 
with Chaube et al.47 and Ahmed et al.48. Physically, 
when the wall comes into contact with the electrolyte 
solution, it becomes electrically charged. This 
charged surface has a tendency to attract cations (ions 

 
 

Fig. 4 — The velocity distribution u  for different values of HSU

where 21.h  , 1 x/p , 10.We   , 30.k   , 2  , 

51.S   , 031.  , 40.Nt   , 30.Nb   , 2Ec  , 

50.Pr  , 50.Sc  , 
50.EA 

 , 80.k  , 2n  
 

 
 

Fig. 5 — The velocity distribution u  for different values of 

HSU  where 200k  21.h  , 1 x/p , 10.We   , 

30.k   , 2  , 51.S   , 031.  , 40.Nt   , 30.Nb 
, 2Ec  , 50.Pr  , 50.Sc  , 50.E A   , , 2n  
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with a positive charge) and repel anions (ions with a 
negative charge). When an electric field is applied, 
the mobile cations located near the wall, within the 
diffuse layer of the electric double layer (EDL), start 
moving towards the cathode. This movement 
simultaneously induces the bulk fluid to flow in the 
same direction, resulting in what is known as 
Electrophoretic or Electroosmotic Flow (EOF). As a 
result, the EOF occurs in the positive direction of the 
X-axis. As a result, (as seen in Fig. 5) when HSU
increases the EOF increase which supports the net 
flow. While Fig. 4 reveals that in the presence of 
permeability the direction of the axial fluid as well as 
the direction of the EOF is reversed and hence when 

HSU  increases the EOF increase which supports the 
net flow in the negative direction. 

The graphs of temperature distribution  satisfy 
the boundary conditions and illustrate that the curve 
of   has a minimum point. Physically, although 
 10 TT   is confirmed, there are still two other possible 

scenarios to consider. In one case, it could be  1TT  , 

and in the other case, it could be  1TT  . If it turns out 

to the 2nd case, then 













0
10

1  
T T

TT
θ=  which implies 

that the cooling process will initiate first, followed by 
the heating process.Therefore, the curve of  exhibits 
a minimum point (negative temperature distribution). 

Fig. 6 depicts that  increases in the negative 
direction (decreases) as Ec increases, this behaviour 
is in agreement with Eldabe et al.25,26, Eldabe and 
Abouzeid 49, and Mohamed and Abozeid50, 51. 

Physically, as Ec increases the temperature near the 
outer peristaltic tube, accordingly the drag between 
the fluid particles increases. In viscous fluid, this 
kinetic energy generates an internal heat energy 
(viscous dissipation) which in terms increases the 
fluid temperature. 

Fig. 7 show that  increases in the negative 
direction (decreases) as tN increases, this behavior is 
in agreement with Mohamed and Abozeid50, 51, Abou-
zeid et al.52 and Subbarayudu et al.53. Physically, as

tN increases the thermophoresis force is enhanced, 
accordingly the flow of nanoparticles from lower wall 
to upper wall is much better,and this additional kinetic 
energy increases the temperature. 

Fig. 8 shows that  decreases in the negative 
direction (increases) as  increases, this behaviour is 

 
 
Fig. 6 — The temperature distribution   for different values of
Ec where 21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 

51.S   , 031.  , 40.Nt   , 30.Nb   , 30.k   , 

50.Pr  , 50.Sc  , 50.EA   , 80.k  , 2n  

 
 

Fig. 7 — The temperature distribution   for different values of 

tN
 where 21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 

51.S   , 031.  , 30.k   , 30.Nb   , 2Ec  , 

50.Pr  , 50.Sc  , 50.EA   , 80.k  , 2n  
 

 
 

Fig. 8 — The temperature distribution   for different values 
of where 21.h  , 1 x/p , 10.We   , 3HSU  , 30.k   , 

51.S   , 031.  , 40.Nt   , 30.Nb   , 2Ec  , 

50.Pr  , 50.Sc  , 50.EA   , 80.k  , 2n  
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in agreement with Noreen et al 36. Physically electro-
osmotic parameter   is inversely proportional to the 
thickness of the EDL (Debye length), so as   
increases the thickness of the EDL decreases, hence 
the net flow of the charged particles decreases, which 
in turns reduces the temperature. 

Fig. 9 depicts that the increment in eW has a dual 

effect on the temperature profile, it is found that 
increases in its negativity as We increases till a 
definite point then the effect is reversed. This effect is 
in agreement with Eldabe et al.18. Physically, as 
discussed in Fig. 3, near the lower wall; the fluid 
consumes much more energy too vercome its 
Plasticity and start the flow, hence  decreases in its 
negativity. While near the upper wall; the relaxation 
time decreases and the flow is much better, hence the 
kinetic energy increases and hence  increases in its 
negativity The graphs of that nanoparticles 
concentration f satisfy the boundary conditions and 

depict that the curves of f  have opposite behavior to 

curves of . Physically, this behavior complies with 
the fact that the nanoparticles concentration increases 
as the temperature decreases and vice versa. 

Fig. 10 shows that as bN increases f decreases. 
This behaviour is in agreement with Eldabe et al.3, 
Mohamed and Abozeid50, 51, and Abou-zeid et al.45. 
Physically, the increment in bN indicates that the 
random motion increases, therefore the concentration 
decreases.  

Fig. 11 shows that as Sc increases f increases.  
This behaviour agrees with the observation of 

Sheikholeslami and Ganji55, and Hayat et al.56. 
Physically, Schmidt number represents the ratio of 
momentum diffusivity (kinematic viscosity) and mass 
diffusivity. Hence, the concentration increases. 

Fig. 12 shows that as tN increases f increases. 
This behaviour is in agreement with Eldabe et al.26 
and Abozeid et al. 45. Physically, the temperature 
gradient  T  does not just initiate heat transfer but 
also propels the movement of nanoparticles within the 
fluid. Furthermore, an increase in the thermophoresis

tN parameter signifies a strengthening of the 

thermophoresis force, leading to accelerated 
nanoparticle migration in a direction counter to the 

 
 

Fig. 9 — The concentration  for different values of eW where

21.h  , 1 x/p , 30.k   , 3HSU  , 2  , 51.S   , 

031.  , 40.Nt   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 50.EA   , 80.k  , 2n  

 
 

Fig. 10 — The concentration f  for different values of bN where 

21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 51.S   , 

031.  , 40.Nt   , 30.k   , 2Ec  , 50.Pr  , 

50.Sc  , 50.E A   , 80.k  , 2n  
 

 
 

Fig. 11 — The concentration f  for different values of Sc where 

21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 51.S   , 

031.  , 40.Nt   , 30.Nb   , 2Ec  , 50.Pr  , 

30.k  , 50.EA   , 80.k  , 2n  
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temperature distribution18. This, in turn, amplifies the 
concentration profile. 

Fig. 13 illustrates that f increases with an increase 

in the Chemical reaction parameter k . While Fig. 14 

illustrates that f decreases as the activation parameter

AE  increase. The activation energy in physical 
chemistry refers to the minimum energy required to 
start a chemical reaction. The Arrhenius equation 
shows that activation energy and reaction rate are 
inversely related. In other words, as activation energy 
increases, reaction rate decreases, and vice versa. 
Therefore, the higher activation energy in  

Fig. 14 leads to the slower reaction rate shown in  
Fig. 13, as expected based on this relationship. 
 

Conclusion  
In the current paper, the peristaltic transport of 

unsteady incompressible non-Newtonian nanofluid 
inside a horizontal micro-channel is studied; the non-
Newtonian is pseudoplastic fluid that obeys 
Williamson model, the flow is through a modified 
Darcy porous medium in the presence electroosmotic. 
The electro-osmotic phenomenon, and the effect of 
chemical reaction with activation energy are taken in 
consideration. The most main results of this study can 
be outlined and summarized as follows: 
1. The product of (the strain rate) and (the relaxation 

time) is always constant and this constant is called 
Weissenberg number eW , it is found that near the 

lower wall of the tube (hot wall) as eW  increases 
(the relaxation time) increases and (the strain rate) 
decreases, while vice versa occurs near the upper 
wall. 

2. Weissenberg number eW has a dual effect on the 
velocity profile as well as the temperature and 
concentration profiles. This is due to sparring 
between the domination of Plasticity and 
viscosity. 

3. The study of the same model in case of 
Newtonian fluid can be obtained by putting 

0We  . 
4. As the thickness of the EDL decrease (

increases), the concentration profile is not 
changed, on the other hand the net flow of the 

 
 
Fig. 12 — The concentration f  for different values of tN where

21.h  , 1 x/p , 1.0eW  , 3HSU  , 2  , 51.S   , 

031.  , 30.k   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 50.EA   , 80.k  , 2n  

 

 
Fig. 13 — The concentration f  for different values of AE where

21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 51.S   , 

031.  , 30.k   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 40.Nt   , 80.k  , 2n  
 

 
 

Fig. 14 — The concentration f  for different values of k where 

21.h  , 1 x/p , 10.We   , 3HSU  , 2  , 51.S   , 

031.  , 30.k   , 30.Nb   , 2Ec  , 50.Pr  , 

50.Sc  , 40.Nt   , 50.EA  , 2n  
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charged particles decreases, which in turns 
reduces the temperature profile of the fluid. 

5. According to Fick's law of diffusion; the 
temperature and concentration distributions 
should have opposite effects, however, it is found 
that the increment in the thermophoresis 
parameter increases both temperature and 
concentration distributions , this means that in 
case of horizontal tube, the nanoparticles are more 
concentrated and their flow from hot region to 
cold region is much better. 

6. Moreover, by considering 
01

0 TT
2

T
  , the term of 

the activation energy is simplified by using 
Taylor expansion, and the system of the 
governing equations is ready to be solved by 
homotopy perturbation. 

 

Nomenclature 
Roman Symbols SI Units 

a  The amplitude of the wave m 

A  Chemical reaction rate mol/(m3⋅s) 

c  The wave velocity m s-1 

C  
The nanoparticle concentration in the 

fixed and moving frames 
particles/m³ 

BD  Brownian diffusion coefficient – 

TD  Thermophoretic diffusion coefficient – 

e
 

The electronic charge. The elementary 
charge "e"  

Ec  Eckert number – 

aE  
Activation energy – 

f  The dimensionless nanoparticle 
concentration 

– 

0f  The nanoparticle concentration at 
0y   

– 

1f  The nanoparticle concentration at 
Hy   

– 

 xH  transverse vibration of the wall – 

k  Permeability constant H (Henry)/m 

K  Thermal conductivity W m−1 K−1 

k  Dimensionless Chemical reaction 
parameter 

– 

Bk  
Boltzmann constant – 

n Fitted rate constant s⁻1 

bN
 

Brownian motion parameter  – 

TN  
Thermophoresis parameter – 

0N  
Bulk volume concentration for 

positive or negative ions
mol/m³ 

P The fluid pressure Kg m−1s−2 

Sc  
Schmidt number – 

Pr Prandtl number – 

T  The fluid temperature in the fixed and 
moving frames  

K (Kelvin) 

0T  Temperature at 0y  K 

avT  
Local absolute temperature K 

1T  
Temperature at Hy   K (Kelvin) 

eW  
Weissenberg number – 

x Axial coordinate m 
y

 Transverse coordinate m 
z The valence number of ions. – 

Greek symbols 
  is the time constant – 

  The dimensionless fluid temperature  – 

  Electric potential for EDL (Zeta 
potential) 

Volts (V) 

  Zeta potential at the upper wall Volts (V) 

HSU  The dimensionless Helmholtz- 
Smoluchowski velocity 

– 

  Electroosmotic parameter – 

  Kinematic viscosity of fluid  m²/s 

0  Dynamic viscosity of fluid (Paꞏs) or Nꞏs/m² 

  apparent viscosity of fluid (Paꞏs) or Nꞏs/m² 

e  Density of the total ionic energy  Joules per cubic 
meter (J/m³). 

  Electric permittivity Farads per meter 
(F/m). 

n  The number of density of cations m⁻³ 

n  The number of density of anions  m⁻³ 

.  
Shear strain – 

  Wavelength m 

  
The thickness of EDL (Debye length) m 

f  The density of the fluid kg/m³ 

P  The density of the particle kg/m³ 

f)c(  Heat capacity of the fluid Joules per kelvin 
per kilogram 
(J/(Kꞏkg)). 

P)c(  
Effective heat capacity of the 

nanoparticles material 
Joules per kelvin 

per kilogram 
(J/(Kꞏkg)). 
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