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Mathematical model for the tumor growth incorporating energy supply and requirement, angiogenesis efficiency and 
effect of elasticity of adjacent normal tissue to understand tumor biology and predict saturation status is rare to find. This 
study is conducted to address these issues. We propose mathematical expressions to explain alterations of tumor cell density 
(nT), microvessel density (MVD), and growth rate(r) during the development of brain tumors. We assume that nT increases 
during the growth of the tumor due to the increase of external pressure from the initial cell density (nT0); nT0 is same as the 
external normal tissue. The rate of increase in tumor cells (dNT/dt) depends on the rate of energy available for the creation of 
new cells and the energy required for a single cell division(γ). Due to the increase of tumor cell density, hypoxia is 
developed, which up-regulates the secretion of vascular endothelial growth factor (VEGF) and new capillaries are generated. 
Therefore, the surface area density of capillaries (Acs) in tumors increases. Hence, we consider that Acs(t) ∞ nT(t).  
A modified logistic equation is developed. Temporal variations of nT(t), Acs(t), r(t) and tumor cell population ‘NT(t)’ are 
examined. The expressions of saturated cell density(nTM), saturated microvessel surface area density (AcsM) and tumor 
saturation time(Ts) are formulated. An important feature, tumor saturation factor ‘fTS’ is determined. When fTS<1, a tumor 
will saturate at Ts, and nTM depends solely on fTS.  

Keywords: Angiogenesis efficiency, Energy requirement, Saturated cell density, Saturated tumor cell population, Stress 
inside the tumor, Tumor saturation factor 

Increased mitotic activities, angiogenesis, complex 
biological progressions, and getting away from 
immune surveillance are involved in the growth of a 
tumor. An appropriate mathematical model of tumor 
growth is very important to utilize the clinical and 
experimental data in the study of disease prognosis 
and treatment response1-7. The efficacy of a newer 
treatment modality, prediction of the effectiveness 
of radiotherapy, and optimization of anti-cancer drugs 
in cancer treatment can be studied with help 
of mathematical models8-10. Theoretical models 
incorporating tumor cell diffusions with proliferations 
have been extensively used by many researchers to 
study the growth patterns in highly infiltrative brain 
tumors like gliomas8,11-16. Such models are found very 
useful for predicting the duration of survival of 
patients and the effectiveness of cancer treatment8,12.  

The tumor cell density was reported to increase 
with the growth of a tumor confined by the basement 
membrane and surrounded by normal host tissues11. 

Studies performed on cultured tumor cell lines had 
suggested that the tumor cell density played an 
important role in controlling metastasis, drug 
resistance, and survival of the tumor in an unfriendly 
environment12,17. Glucose metabolism rate in a unit 
volume of astrocytomas was found to increase with 
the tumor cell density18. Cell density, microvessel 
density, microvessel diameter, and microvessel 
surface area per unit volume were found much larger 
in primary Central Nervous System (CNS) tumors 
than the normal brain tissue; and these parameters 
exhibited positive correlations with the histological 
grades of tumors19-21. The theoretical approach to 
explain such alterations in tumors is very limited to 
find in literature4. To date, we are unable to find 
mathematical expressions to predict the variation of 
tumor cell density and microvessel density during the 
growth of a tumor. 

A tumor cannot proliferate to a size larger than 1-2 
mm3 without an efficient microvascular system for the 
nutrient supply22. Again, normal tissues in the vicinity 
of a tumor apply mechanical pressure due to the tissue 
elasticity, which oppose the growth of a tumor1,4.  
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A tumor obtains necessary energy from the 
microvascular network in form of nutrients and 
utilizes that energy to maintain its living condition, to 
create new cells and space within normal tissue. In a 
recent work, a modified logistic equation for the 
tumor growth rate considering residual energy for cell 
division estimated from the energy supply and 
requirement rate has been used to study tumor growth 
and saturation status4. In that model, parameters like, 
per capita energy requirement rate for tumor cell 
maintenance, the elasticity of hosting tissue, and 
energy required for a single cell division are 
introduced; however, tumor cell density(nT) and 
capillary surface area density(Acs) are considered as 
constants during the tumor growth4. The same model 
is used in our present study, considering the variation 
of nT and Acs with time. We consider that cell density 
and microvessel density of a tumor increase with its 
expansion. The tumor cell density is affected by 
external pressure exerted by the surrounding tissue; 
that external pressure increases with the increases of 
tumor volume. Temporal variation of nT, Acs, and 
tumor growth rate(r) are studied for different 
conditions using numerical analysis. Analytical 
equations for maximum possible tumor cell 
population (NTM), maximum possible tumor cell 
density (nTM), tumor saturation time (Ts), initial tumor 
growth rate(r0), and tumor growth rate at saturation 
(rs) are formulated; and condition for saturation of a 
tumor is determined. Though, the genetic and 
epigenetic changes and immune system responses 
play key roles in the formation and growth of a tumor; 
but these factors are not included in this study. 
 

Materials and Methods 
A solid tumor in the brain has a higher cell density 

and microvessel density with a larger capillary 
diameter than the normal brain19-21. In the present 
work, it is assumed that, at the initiation of a tumor, 
cell density ‘nT’ is the same as the density of 
surrounding normal tissue ‘nT0’ and increases with the 
tumor size due to the increase of external pressure. 
The capillary surface area density ‘Acs’ is considered 
as proportional to ‘nT’ and angiogenesis efficiency 
‘αan’ of a tumor. To study the temporal variation of nT 
and Acs, it is necessary to develop a tumor growth 
equation. In a recent work, Boruah has developed a 
logistic equation for the tumor growth rate incorporating 
the energy supply and energy requirement terms; 
where nT and Acs were considered as constants4. It 

was assumed that the rate of increase in tumor 
cells(dNT/dt) at a time ‘t’ depends on the rate of 
energy available for the creation of new cells ‘Eg', the 
energy required for a single cell division '𝛾', and death 
rate 'δ'; i.e. dNT/dt=(Eg/γ - δNT). In that work, Eg was 
determined from the energy supply rate and energy 
requirement rate for maintenance and creation of 
space in tumors. In the present work, the model of 
tumor growth developed by Boruah is used4, and a 
modified logistic equation is formed incorporating 
variable nT(t) and Acs(t). An analytical solution of the 
modified logistic equation has been performed. The 
tumor saturation time ‘Ts’ is estimated, and equations 
for saturated tumor cell density ‘nTM’, saturated 
capillary surface area density ‘AcsM’, initial growth 
rate ‘r0’, saturated growth rate ‘rs’, and the maximum 
possible number of tumor cell 'NTM’ are formulated. 
Numerical solutions are performed to demonstrate the 
theoretical formulations using MATLAB software. 
Estimation of the new parameters introduced in this 
work is performed using information from published 
articles4,19,22-30.  
 
Theory 
 

The equation for tumor cell density ‘nT’ and capillary 
surface area density ‘Acs’ 

The growth of a tumor is affected by its surrounding 
tissue imposing pressure upon it4. A tumor has to restrict 
its volume to limit internal stress and hence the space 
available for a single tumor cell is reduced continuously 
with tumor size. Hence, tumor cell density ‘nT’ increases 
during the growth. At the time of initiation of a tumor, 
nT can be considered as same as the density of the 
normal cells (nT0) of its surrounding tissue. The density 
of tumor cells at a time t can be expressed as: 

 

𝑛்ሺ𝑡ሻ ൌ 𝑛்଴ ൅ 𝛼௣௡଴.𝛥𝑃                                            ሺ1𝑎ሻ 
 

Where αpn0 is the coefficient for an increase in cell 
density in a unit increase of pressure (unit: Pa−1. 
mm−3). ΔP is the external pressure on the tumor by the 
surrounding normal tissue (unit: Pa); that will produce 
the same amount of stress inside the tumor. Adopting 
Boruah’s work4, ΔP(t) can be expressed in terms of 
elasticity of normal brain tissue, tumor cell density 
‘nT’, number of tumor cell ‘NT’ and, the coefficient of 
decrease in volume of the normal brain due to elastic 
compression ‘αv’, as follows:  

ΔPሺtሻ ൌ  
K୚α୴N୘ሺtሻ

n୘ሺtሻ
                                                   ሺ1bሻ 
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where, Kv is the ratio of bulk modulus of elasticity of 
normal brain tissue (K) to the volume of the normal 
brain tissue (Vn), and mean value of Kv=833 Pa.mm−34.  
With equations (1a) and (1b) we have: 
 

𝑛்ሺ𝑡ሻ ൌ
𝑛்଴

2
ቈ1 ൅ ൫1 ൅  𝑏N୘ሺtሻ൯

ଵ
ଶ቉  𝑤ℎ𝑒𝑟𝑒 𝑏 ൌ

4𝛼௣௡଴α୴K୚

𝑛்଴
ଶ  ሺ1𝑐ሻ 

 

Using this equation we can obtain the density of 
tumor cells at any tumor cell population ‘NT’. 

Studies on cell lines suggest that higher cell density 
increases the level of hypoxia-induced factors and 
VEGF31-35. Up-regulation of VEGF due to hypoxia is 
responsible for the creation of new capillaries in 
tumors33-35. Again, it was observed that capillary 
surface area density ‘Acs’ showed strong positive 
correlations with the cell density19. Hence, in our 
work we assumed that Acs is proportional to nT; i.e.  

 

Aୡୱሺtሻ ൌ  αୟ୬𝑛்ሺ𝑡ሻ ൌ
αୟ୬𝑛்଴

2
ቈ1 ൅ ൫1 ൅  𝑏N୘ሺtሻ൯

ଵ
ଶ቉     ሺ1dሻ 

 

where αan is defined as the angiogenesis efficiency of 
a tumor (unit: mm2) and is considered as a constant 
for a particular tumor.  

The total microvessel surface area in the tumor 
‘ATcs’ at a time can be estimated to from the tumor 
volume ‘VT’ and Acs as follows: 

 

A୘ୡୱሺ𝑡ሻ ൌ V୘ሺtሻAୡୱሺtሻ ൌ
N୘ሺtሻAୡୱሺtሻ

n୘ሺtሻ
ൌ N୘ሺtሻαୟ୬        ሺ1eሻ 

 

The microvessel density ‘MVD’ (unit: mm−2) can 
be evaluated from the mean capillary diameter ‘d’ and 
‘Acs’ as follows: 
 

MVD ൌ
୅ౙ౩
ୢ.π

         (1f) 
 
Modified logistic equation and tumor saturation 

Acs and nT in a tumor can be estimated at any time 
when NT(t) is known. NT(t) can be predicted from the 
solution of the tumor growth equation. The logistic 
equation for the tumor growth rate incorporating the 
energy availability rate for growth and energy 
required for a single cell division is given by: 
 

dN୘

dt
ൌ
𝛼௦௥𝛼௦଴𝐴௖௦N୘

𝛾𝑛்
൬1–

𝛼௥𝑛்
𝛼௦௥𝛼௦଴𝐴௖௦

െ
𝛼௣௦𝛼௩𝐾௩
𝛼௦௥𝛼௦଴𝐴௖௦

N୘

𝑛்

െ
𝛾𝑛்δ

𝛼௦௥𝛼௦଴𝐴௖௦
൰  ሺ2aሻ 

 

Using expressions for nT(t) and Acs(t) in the above 
equation from (1c) and (1d), respectively, we have:  

dN୘

dt
ൌ

N୘

𝛾
൮𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δെ

4𝛼௣௦𝛼௩𝐾௩
n୘଴
ଶ

N୘

൬1 ൅ ሺ1 ൅  𝑏N୘ሻ
ଵ
ଶ൰

ଶ൲  ሺ2bሻ 

where,  
𝛾 is the energy required for a single cell division 

(unit: J). 
αsr is the relative permeability factor of the 

microvessel. 
αs0 is the average rate of energy generated from the 

flux of nutrients passed through the unit capillary 
surface area in normal brain tissue (unit: W.mm−2). 
αan is the angiogenesis efficiency of a tumor (unit: 

mm2). 
(αsrαs0αan) represents the rate of microvascular 

energy supply to each tumor cell (unit: W/cell). 
αr is the rate of energy requirement for regular 

maintenance of a single cell (unit: W/cell). 
δ is the death rate (unit: s−1). 
(𝛾δ) represents the per capita rate of energy 

expenditure due to death of tumor cells (unit: W/cell). 
αps is the rate of energy required for the expansion 

of the unit volume of a tumor to overcome unit 
external pressure; (unit: W.mm−3Pa−1). 
αv is the coefficient of decrease in volume of the 

normal brain due to elastic compression. (1- αv) 
represents the degeneration of normal brain tissue due 
to tumor expansion in terms of tumor volume.  

The last term,൭4𝛼௣௦𝛼௩𝐾௩N୘ ቆ𝑛்଴ ቀ1 ൅ ሺ1 ൅  𝑏N୘ሻ
భ
మቁቇ

ଶ

ൗ ൱, 

represents the per capita rate of energy expenditure 
due to the expansion of tumor (unit: W/cell). 
The equation (2b) can be expressed as:  
 

dN୘

dt
ൌ

N୘

𝛾
⎝

⎛cଵ െ
cଶN୘

൬1 ൅ ሺ1 ൅  𝑏N୘ሻ
ଵ
ଶ൰

ଶ

⎠

⎞                                       ሺ2cሻ 

 

where,  
 

𝑏 ൌ
ସఈ೛೙బα౬୏౒

௡೅బ
మ  (dimension less) 

 

𝑐ଵ ൌ 𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δ (unit: W) 
 

cଶ ൌ
ସఈ೛ೞఈೡ௄ೡ

୬౐బ
మ ൌ

௕ఈ೛ೞ
ఈ೛೙బ

 (unit: W) 
 

Equation (2c) is the modified logistic equation for 
tumor growth with variable nT and Acs and its solution 
could be obtained using boundary conditions as 
NT(t=0)=NT0 at t=0, and NT(t)=NT at t=t, as follows:  
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𝑡 ൌ
2𝛾

cଷሺ𝑐ସ ൅ 1ሻ
𝑙𝑜𝑔 ቎ቐ

ሺ1 ൅ 𝑏𝑁்ሻ
ଵ
ଶ െ 1

ሺ1 ൅ 𝑏𝑁்଴ሻ
ଵ
ଶ െ 1

ቑቐ
ሺ1 ൅ 𝑏𝑁்ሻ

ଵ
ଶ ൅ 𝑐ସ

ሺ1 ൅ 𝑏𝑁்଴ሻ
ଵ
ଶ ൅ 𝑐ସ

ቑ

௖ర

቏    ሺ2𝑑ሻ 

where, 
 

cଷ ൌ
ୡభୠିୡమ

௕
ൌ 𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δെ

ସఈ೛ೞఈೡ௄ೡ
ୠ୬౐బ

మ   
 

(unit: W) 
 

cସ ൌ
ୡభୠାୡమ
ୡభୠିୡమ

ൌ
ቆఈೞೝఈೞబఈೌ೙ୠ –ఈೝ௕ିఊδୠା

రഀ೛ೞഀೡ಼ೡ

౤౐బ
మ ቇ

ቆఈೞೝఈೞబఈೌ೙ୠ –ఈೝ௕ିఊδୠି
రഀ೛ೞഀೡ಼ೡ

౤౐బ
మ ቇ

  

 

(dimension less) 
A tumor will grow continuously with time when 

the rate of increase of cells is never diminishing to 
zero. In this work, we have found that the saturation 
of a tumor depends on a composite parameter (bc1/c2), 
which is named as tumor saturation factor 'fTS’. 

 

f୘ୗ ൌ  b
cଵ
cଶ
ൌ  

α୮୬଴
α୮ୱ

ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻ                       ሺ2eሻ 
 

When fTS<1, the tumor will reach its saturation at a 
certain time, otherwise it will grow continuously. The 
following condition must be followed by a tumor for 
saturation:  
 

𝛼௦௥𝛼௦଴𝛼௔௡ ൏ ൬
α౦౩

α౦౤బ
൅ 𝛼௥ ൅ 𝛾δ൰                                  (2f) 

 

Hence, the size of a tumor will be restricted to a 
certain limit, when αsr, αan, αpn0 are smaller and αps, αr, 
𝛾, and δ are larger. When fTS<1, saturated cell density 
‘nTM’, saturated capillary surface area density ‘AcsM’, 
and maximum possible capillary surface area within 
the tumor ‘ATcsM’ could be predicted from the value of 
maximum possible cell population ‘NTM’ of the tumor 
attained at saturation time. NTM can be estimated by 
considering

ୢ୒౐
ୢ୲

ൌ 0. Using this condition and putting 
NT= NTM, in equation (2b), we obtain: 

 

𝑁்ெ ൌ
4f୘ୗ

bሺ1 െ f୘ୗሻଶ

ൌ
𝑛்଴
ଶ ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻ

α୮ୱα୴K୴ ቆ1 െ
α୮୬଴
α୮ୱ

ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻቇ
ଶ , f୘ୗ ൏ 1        ሺ3𝑎ሻ 

𝑛்ெ ൌ
n୘଴

2
൬1 ൅ ሺ1 ൅ 𝑏𝑁்ெሻ

ଵ
ଶ൰ ൌ

n୘଴
ሺ1 െ f୘ୗሻ

ൌ
n୘଴

ቆ1 െ
α୮୬଴
α୮ୱ

ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻቇ
, f୘ୗ ൏ 1    ሺ3bሻ 

𝐴௖௦ெ ൌ 𝛼௔௡𝑛்ெ                                                            ሺ3𝑐ሻ 
𝐴்௖௦ெ ൌ 𝛼௔௡𝑁்ெ                                                         ሺ3𝑑ሻ 

The maximum possible volume of the tumor ‘VTM’ 
can be expressed as:  

 

𝑉 ெ ൌ
𝑁்ெ
𝑛்ெ

ൌ
4f୘ୗ

n୘଴𝑏ሺ1 െ f୘ୗሻ

ൌ
n୘଴ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻ

α୮ୱα୴K୴ ቆ1 െ
α୮୬଴
α୮ୱ

ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δሻቇ
, f୘ୗ ൏ 1           ሺ3eሻ 

 
Saturation time, Ts of a tumor can be obtained from 

equation(2d) using the value of NTM. The equation 
(2d) gives an undetermined value for the estimation of 
Ts when we put NT=NTM. Hence the time required  
for a tumor to attain its 99.9% of the maximum 
population from the initial number of cell NT0=1, is 
considered as Ts and obtained by putting 
NT=0.999NTM=Ns in equation (2c) as follows: 

 

𝑇௦ ൌ
2𝛾

cଷሺ𝑐ସ ൅ 1ሻ
𝑙𝑜𝑔 ቎ቐ

ሺ1 ൅ 𝑏𝑁௦ሻ
ଵ
ଶ െ 1

ሺ1 ൅ 𝑏ሻ
ଵ
ଶ െ 1

ቑቐ
ሺ1 ൅ 𝑏𝑁௦ሻ

ଵ
ଶ ൅ 𝑐ସ

ሺ1 ൅ 𝑏ሻ
ଵ
ଶ ൅ 𝑐ସ

ቑ

௖ర

቏  , f୘ୗ

൏ 1 ሺ3𝑓ሻ 
 

The growth rate of tumor ‘r’ can be defined from 
the growth equation (2c) by rearranging in the form of 

its canonical equation, 
ୢ୒౐
ୢ୲

ൌ 𝑟N୘ ቀ1 െ
୒౐
୒౐౉

ቁ as follows:  
 

r ൌ

⎝

⎛cଵ െ
cଶN୘

൬1 ൅ ሺ1 ൅  𝑏N୘ሻ
ଵ
ଶ൰

ଶ

⎠

⎞ 𝛾 ൬1 െ
𝑁்
𝑁்ெ

൰൙ ,𝑁்ெ

ൌ
4cଵ

cଶሺ1 െ f୘ୗሻଶ
 for f୘ୗ ൏ 1                         ሺ4aሻ 

 

 ൌ ∞ or f୘ୗ ൐ 1 
 

The growth rate 'r' of a tumor varies with time 
since NT is a function of time. The growth rate at the 
initiation of a tumor (r0) can be estimated from 
equation (4a). At t=0, NT=1 and hence bNT<<1, 
NTM>>NT, therefore: 

 

𝑟଴ ൌ 𝑟ሺ𝑡 ൌ 0,𝑁் ൌ 1 ሻ ൌ
ቀcଵ െ

cଶ
4 ቁ

𝛾

ൌ  
1
𝛾
ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ

𝛼௣௦𝛼௩𝐾௩
n୘଴
ଶ ሻ െ δ      ሺ4bሻ 

 

The initial growth rate when death rate δ=0: 
 

𝑟଴ሺఋୀ଴ሻ ൌ
1
𝛾
ሺ𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ

𝛼௣௦𝛼௩𝐾௩
n୘଴
ଶ ሻ              ሺ4cሻ 
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A tumor cannot grow when the initial growth rate 
is equal to the death rate. The growth rate at the 
saturation of a tumor ‘rs’ can be determined for 
limiting value NTNTM when fTS<1. Putting 
NT=0.999NTM =Ns in equation (4a): 

 

𝑟௦ ൌ ൮cଵ െ
cଶNୱ

൬1 ൅ ሺ1 ൅  𝑏Nୱሻ
ଵ
ଶ൰

ଶ൲ 𝛾 ൬1 െ
𝑁௦
𝑁்ெ

൰൙ , for f୘ୗ ൏ 1              ሺ4dሻ 

 

Estimation of the parameters 
Prediction of nT, Acs, ATcs, r, NT, and tumor volume 

'VT’ at any time of growth is an important aspect for the 
assessment of brain tumors in different conditions. The 
numerical solution of the equation(2c) provides the 
temporal profile of NT, and hence nT, Acs, ATcs, and ‘r’ of 
a tumor could be estimated. Equations (3a) to (3f) 
provide NTM, nTM, AcsM, ATcsM, VTM and Ts, respectively. 
To apply these equations for the brain tumors, the 
suitable value and range of the coefficients used in the 
equations have to be estimated. In the numerical studies 
presented in this work, the range of nT0, αsr, αs0, αv, Kv, 
αps, 𝛾 and δ are kept the same as estimated by Boruah in 
his work, where nT and Acs have been considered as 
constants during the growth for a tumor4. αpn0 and αan 

will be estimated using equations (1a) and (1d) at the 
saturation of tumor as follows: 

 

𝛼௣௡଴ ൌ
𝑛்ெ െ 𝑛்଴

𝛥𝑃ெ
                                                     ሺ5𝑎ሻ  

 

𝛼௔௡ ൌ
஺೎ೞಾ
௡೅ಾ

                                                                     ሺ5bሻ 
 

where, ΔPM is the maximum stress inside the tumor 
that attained at the tumor saturation, and considered as 
ΔPM=2x103Pa, because it is comparable to the average 
pressure inside a capillary measured at the heart level 
in human4. If the stress is more that 2 × 103 Pa, blood 
cannot flow though the capillary in tumors. nT0 is the 
cell density of a tumor at the beginning, which is 
considered same as the cell density of normal brain. 
Using histological sections of normal brain tissue 
obtained from autopsy cases, and applying images 
morphometry on the microscopic images, nT0 was 
estimated4,19. nTM is the maximum cell density and 
AcsM is the maximum capillary surface area density of 
a brain tumor attained at its saturation. The 
histological sections of brain tumor tissues stained by 
CD34 immuno-hitsochemical (IHC) marker were 
used to highlight the capillaries19. The total length of 
boundary of capillaries per unit area of a tissue 

section can be estimated using image morphometric 
techniques. The capillary can be considered as a 
cylindrical structure. Total length of boundary of 
capillaries per unit area found in plane section, can be 
considered as the total capillary surface area per unit 
volume of tissue (Acs) in a 3D scenario. Acs was 
calculated from the mean diameter of capillaries (d) 
and microvascular density (MVD) using the relation, 
Acs = π.d.MVD4,19. In most of the cases of brain 
tumors, histo-pathological examination is performed 
only after surgical removal of the  
tumor. At the time of removal, a tumor can be 
considered to reach its saturation. Hence, we consider 
morphometrically measured cell density for tumors as 
nTM and capillary surface area density as AcsM for 
estimation of αpn0 and αan. Mean cell density and 
capillary surface area density with standard deviation 
reported for 10 normal brain tissue were: nT0=3.7 × 
104 mm−3 (range: 2.5 × 104 - 4.6 × 104) and Acs=3.90 
mm−1 (range: 2.60-4.80)19. Mean nTM and AcsM with 
standard deviation reported for 30 gliomas were:  
(I) nTM=1.99 × 105 ± 1.42 × 105 mm−3 (0.56 × 105 - 
4.23 × 105) and AcsM=7.06 ±1.27 mm−1 (5.67-10.19) in 
low grades; and (ii) nTM= 3.17 × 105 ± 0.98 × 105 

mm−3 (1.85x105 - 5.07 × 105) and AcsM=10.86±2.57 
mm−1 (6.90-15.73) in high grades19. αpn0 is estimated 
for a tumor using these values of nTM, nT0 and ΔPM; 
and αan is estimated from the ratio of AcsM and nTM. 
For the normal brain tissue, nT and Acs can be 
considered as invariant with time, hence nTM= nT0 and 
AcsM=Acs. The mean value with standard 
deviation(SD) and range of αpn0 and αan estimated 
from the data of the reported cases19, using equations 
(5a) & (5b) are: (i) In normal brain: αpn0=0 & αan=10.65 
× 10−5 ± 1.58 × 10-5 mm2 (8.59 × 10−5 -13.38 × 10−5); 
(ii) In low grade gliomas: αpn0=81±71 Pa−1 mm−3  

(9-193) & αan =5.16 × 10−5 ± 3.23 × 10−5 mm2 (1.36 × 
10−5-11.95 × 10−5); (iii) in high grade gliomas: 
αpn0=140±49 Pa−1 mm−3 (74-235) & αan=3.75 × 10−5 ± 
1.41 × 10−5 mm2 (1.73 × 10−5-5.73 × 10−5). 
 

Results 
In this work, we consider that, αsr=1, αs0=3.23 × 

10−6 W.mm−2, nT0=3.7 × 104 mm−3, Kv=833 Pa.mm−3 
and αv=1.3 × 10−4, and are kept unchanged throughout 
numerical studies. Variations on NT, (dNT/dt), nT, Acs, 
r with time, and saturated values NTM, nTM, AcsM, Ts, 
rs, and initial growth rate ‘r0’ of tumors with fTS, δ, αr, 
αps, αn, αpn0 and 𝛾, are studied numerically. Temporal 
variation of number of tumor cell ‘NT’ obtained from 
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numerical solutions of equation (2c) for two values of 
fTS=a) 0.788 & b) 1.022, is presented in (Fig. 1A). 
The rate of change of tumor cell population (dNT/dt) 
with time ‘t’ obtained by differentiating the respective 
graphs of NT for each fTS is presented by dotted curves 
in the figure. The two values of fTS are obtained for 
αps=a) 7.0 × 10−9 Wmm−3 Pa−1 & b)5.4 × 10−9 Wmm−3 

Pa−1, and all other parameters kept as: αan=4.75 × 10−5 
mm2, δ=4 yr-1, 𝛾=6.50 × 10−5J, αr=9 × 10−11 W/cell, 
αpn0=100 Pa−1 mm−3 and also shown in the top of the 
figure. Temporal variation ‘nT’ and ‘Acs’ obtained 
from numerical solutions of equations (1c), (1d), and 
(2c), and growth rate ‘r’ obtained from equation (4a) 
for the two fTS are presented in (Fig. 1B). When fTS<1 

for a tumor, as shown in the graphs ‘a’ in (Fig. 1A & 
B); the tumor reaches its saturation; NT, nT and Acs 
increase nonlinearly with time and attain there 
maximum value at saturation time Ts. The plot of 
(dNT/dt) with time has exhibited right-skewed 
Gaussian pattern; a similar plot could be observed for 
(dnT/dt) with time. The growth rate ‘r’ decreases from 
its maximum initial value(r0) with time and reaches 
the minimum value(rs) at tumor saturation. When 
fTS>1 for a tumor, as shown in the graphs of ‘b’, NT, 
(dNT/dt), nT and Acs never get saturated and increase 
indefinitely. ‘r’ decreases continuously and never 
reaches to a fixed minimum value for fTS>1.  

Temporal variation of tumor cell density ‘nT’ 
obtained from numerical solutions of equations (1c) 
and (2c) and growth rate ‘r’ using equation (4a) for 
six values of death rate, δ [= a) 0, b) 2 yr−1, c) 5 yr−1, 
d) 10 yr−1, e) 20 yr−1& f) 30.79 yr−1 = r0(δ=0)], keeping 
other parameters unchanged, are presented in the  
(Fig. 2A). nT increases with time and reaches the 
maximum value(nTM) and ‘r’ decreases with time and 
reaches the minimum value(rs) at tumor saturation. 
With the increase of δ, nTM and initial growth rate ‘r0’ 
decrease and rs increases. If δ is equal to the initial 
growth rate of a tumor, then the tumor cannot grow, 
as seen in the graph ‘f’. Variations of tumor saturation 
factor 'fTS’ and saturated tumor cell population ‘NTM’ 
with death rate ‘δ’ for two values of αpn0 [= a)60 Pa−1 

mm−3 & b) 100 Pa−1 mm−3], when other parameters are 
kept constant, are presented in (Fig. 2B). fTS decreases 
linearly with δ. For a higher value of αpn0, fTS is larger 
at a particular δ, and the rate of decrease of fTS with δ 
is higher. NTM decreases nonlinearly with δ, and it is 
larger for higher values of αpn0 at a particular δ. 
Variation of nTM, r0, rs, and saturation time ‘Ts’ with δ 
for two values of αpn0 are presented in the (Fig. 2C). 
nTM decreases with the increase of δ, and nTM at a 
particular δ is higher for higher αpn0. r0 decreases 
linearly with δ, and it does not change with αpn0. rs 

increases to a maximum and then decreases with δ. rs 
is larger for a smaller αpn0 at a particular δ. Ts 
decreases slowly at first and then increases with δ for 
larger αpn0; whereas, Ts increases with δ for smaller 
αpn0; In both cases, the rate of increases of Ts with δ is 
higher at larger δ. 

Variation of fTS and NTM with rate of energy 
requirement for maintenance per cell ‘αr’ for two 
values of αps [=a) 6.50 WPa−1 mm−3 & b) 5.75 WPa−1 

mm−3] are presented in the (Fig. 2D). fTS shows linear 

 
Fig. 1 — (A) Temporal variation of number of tumor cell ‘NT’
obtained from numerical solutions of equation (2c) for two values
of tumor saturation factor, fTS= a) 0.788 & b) 1.022. The dotted
curves represent the rate of change of tumor cell population
(dNT/dt) with time‘t’, obtained by differentiating the respective
graphs of NT.; and (B) Temporal variation of the tumor cell
density 'nT’, and capillary surface area density ‘Acs’, obtained
from numerical solutions of equations (1c), (1d) and (2c), and
growth rate ‘r’ obtained from equation (4a) for the two fTS. The
two values of fTS are obtained for αps= a) 7.0 × 10−9 Wmm-3Pa−1 &
b) 5.4 × 10−9 Wmm−3 Pa−1. The values of αsr, αs0, nT0, Kv, αv, αan,

δ, 𝛾, αr and αpn0, used in the estimation of NT, (dNT/dt), nT, Acs and
‘r’ in the graphs are kept constant and presented in the top 
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decrease and NTM shows nonlinear decrease with αr, 
when other parameters are kept unchanged. (Fig. 2E)  
shows the variations of nTM, r0, rs, and Ts with αr for 
two values of αps. nTM decreases nonlinearly and r0 
decreases linearly with αr. rs increases to a maximum 

value and then decreases with αr. Ts decreases to a 
minimum and then increases with αr. At a particular 
αr; nT and Ts are smaller and rs is larger for larger αps; 
whereas, r0 does not change with αps. Dependencies of 
nTM, r0, rs, and Ts with αps are decreased with the 

 
 

Fig. 2 —(A) Temporal variation of the tumor cell density ‘nT’ obtained from numerical solutions of equations(1c) & (2c), and growth rate
‘r’ using equation (4a) for six values of death rate, δ = a) 0, b) 2 yr−1, c) 5 yr−1, d)=10 yr−1, e) 20 yr−1 & f) 30.79 yr−1=r0(δ=0); (B) 
Variation of tumor saturation factor ‘fTS’ and saturated tumor cell population ‘NTM’ with death rate ‘δ’ for two values of αpn0=a) 60 Pa−1 

mm−3 & b) 100 Pa−1 mm−3; (C) Variation of saturated tumor cell density ‘nTM’, initial growth rate ‘r0’, saturated growth rate ‘rs’, and 
saturation time ‘Ts’ with ‘δ’ for two values of αpn0; (D) Variation of ‘fTS’ and ‘NTM’ with rate of energy requirement for maintenance per
cell ‘αr’ for two values of αps= a) 6.50 WPa−1 mm−3 & b) 5.75 WPa−1 mm−3; (E) Variation of nTM, r0, rs, and Ts with αr for two values of 
αps; and (F) Variation of nTM, r0, rs, and Ts with tumor saturation factor ‘fTS’ for two values of αps. The values of αsr, αs0, nT0, Kv, αv, and 𝛾
used in the estimation of the parameters for the graphs are kept fixed in all figures (A) to (F) as shown in the top. The values of αan, δ, αr, 
αps and αpn0 used for the graphs are presented in each figure, except the variables 
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increase of αr. Variation of nTM, r0, rs, and Ts with 
tumor saturation factor ‘fTS’ for two values of αps are 
presented in (Fig. 2F). nTM and r0 increase with fTS. rs 
increases first to a maximum value and then decreases 
with fTS. At a particular fTS, r0 is larger for higher αps; 
rs and Ts are almost unchanged with αps, whereas, nTM 
depends only on fTS.. 

Variation of fTS, r0, rs, and Ts with the angiogenesis 
efficiency ‘αan' are presented in (Fig. 3A). fTS and r0 
increase linearly with αan. rs increases at first to a 
maximum value then decreases with αan. Ts decreases 
to minimum value then increases with αan. Variation 
of nTM, and saturated capillary surface area density 
‘AcsM’ with αan for two values of αps [= a) 7.00 × 10−9 
WPa−1 mm−3 and b) 5.75 × 10-9 WPa−1 mm−3] are 
presented in the (Fig. 3B). nTM and AcsM increase 
exponentially with αan. At a particular αan, nTM and 
AcsM are larger for smaller αps.  

Variation of nTM, fTS, r0, rs, and Ts with αpn0 are 
shown in (Fig. 3C). Nonlinear increases of nTM and Ts 
with αpn0, and linear increases of fTS with αpn0 are 
observed. r0 remains unchanged and rs decreases with 
αpn0. (Fig. 3D) shows variations of nTM, fTS, r0, rs, and 
Ts with the energy required for a single cell division 
'𝛾’ for δ=0. nTM and fTS remain unchanged with 𝛾; r0 

and rs decrease and Ts increases with 𝛾. When δ>0, 
variations of fTS, nTM, r0, rs, and Ts with 𝛾, would show 
similar variations with δ as shown in (Fig. 2B & C). 
 
Discussion 

Malignancy is a genetic disorder that involves 
active transforms in the genome and has distinctive 
characteristics of the tumor cells, like, unbounded 
multiplicative potential, continual angiogenesis, 
prevention of apoptosis, non-sensitive to anti-growth 
signals, tissue invasion and metastasis, avoidance of 

 
 
Fig. 3 — (A) Variation of fTS, r0, rs, and Ts with the angiogenesis efficiency ‘αan’; (B) Variation of nTM, and saturated capillary surface 
area density ‘AcsM’ with αan for two values of αps=a) 7.00 × 10−9 WPa−1 mm−3 and b) 5.75 × 10−9 WPa−1 mm−3; (C) Variation of nTM, fTS, 
r0, rs, and Ts with αpn0; and (D) Variation of nTM, fTS, r0, rs, and Ts with the energy required for a single cell division '𝛾’. The values of αsr, 
αs0, nT0, Kv and αv, αr used in the estimation of the parameters for the graphs are kept fixed in all figures (A) to (D) as shown in the top.
The values of αan, δ, 𝛾, αps and αpn0 used for the graphs are presented in each figure, except variables 
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immune destruction, and reprogramming of energy 
metabolism36-37. Immune responses from hosting 
tissues, intrinsic properties of tumor cells and tumor 
location influence the growth of malignant tumors37-

38. In the case of normal cells, the replication is 
controlled by the extracellular stimulus unlike in 
cancers. To carry out replication of a cell, it must 
duplicate its genome, proteins, and lipids and arrange 
these constituents into daughter cells, which require a 
sufficient amount of energy. Demand for energy in a 
unit volume of cancerous tumors is more since the 
rate of cell division is much higher in tumors than the 
normal tissues. Hence, neoangiogenic vessels are 
found in brain tumors besides preexisting blood 
vessels in external tissues39. The growth of a 
malignant tumor is affected by the energy supply rate 
per unit volume, and energy required for maintenance 
and overcoming external pressure4. Due to the 
increased mitosis in brain tumors, the density of 
tumor cells increases, since tumor expansion is 
resisted by the elasticity of normal brain tissue. In 
such conditions, a tumor has to increase its 
microvessel density to meet the increased demand for 
nutrients. Hence, cell density and microvessel density 
in brain tumors is greater than the external normal 
tissue19. In the present work, we have developed a 
theoretical model to explain the temporal variation as 
well as saturated values of tumor cell population, size, 
cell density and microvessel density, which could be 
applied in brain tumors. In our model, time-dependent 
nT and Acs have been incorporated into the logistic 
equation for the tumor growth rate considering energy 
requirement terms as reported by Boruah4.  

The stress inside the tumor increases with its 
enlargement, hence per capita rate of energy 
expenditure due to the expansion of tumor increases 
with tumor size. Therefore, resource limitation for 
tumor growth arises with time. We found that the 
tumor cell population, cell density, capillary surface 
area density and volume at saturation, initial growth 
rate, and saturated growth rate are manipulated by 
parameters: δ, αan, αpn0, αps, αsr, αr and 𝛾. It is very 
challenging to determine the effects of these 
parameters on the growth of tumors using an 
experimental setup. An important factor that includes 
effects of all these parameters, tumor saturation factor 
‘fTs’ is established in this study, which could be utilized 
to predict the saturation status of a tumor. A tumor will 
be saturated when fTS<1, otherwise it will grow 
indefinitely as demonstrated in (Fig 1A & B). Since the 

indefinite growth of a tumor is difficult to justify, it is 
unlikely to get fTS≥1 for a tumor. fTS is larger for a 
tumor having larger nTM and AcsM. The expected value 
of the tumor saturation factor of saturated tumors can 
be evaluated using relation, fTS=1-nT0/nTM, obtained 
from equation (3b). Using data from Boruah et al19, it 
is found that: (i) In low-grade gliomas, mean with SD 
and range of fTS= 0.70 ± 0.19 (0.35-0.91), and (ii) In 
high-grade gliomas, mean with range of fTS= 0.87 ± 
0.04 (0.80-0.93). Hence, fTS is larger for high-grade 
gliomas, and this set of gliomas follows the relation: 
0.35 ൏

α౦౤బ

α౦౩
 ൫𝛼௦௥𝛼௦଴𝛼௔௡–𝛼௥ െ 𝛾δ൯ ൏ 0.93. Since, αs0 is a 

constant and αan is found to decrease with the grade of 
gliomas, a higher grade gliomas or malignant tumor 
should have larger αsr and/or smaller αr, 𝛾, δ and (αps/ 
αpn0).  

In a tumor inside the brain, the parameters αpn0, αps, 
αsr, αan, αr, 𝛾 and δ should adjust themselves to make 
fTS<1. These parameters of a tumor cannot take any 
arbitrary values; each parameter has either a lower or 
an upper limit for a set of parameters found in 
expression of fTS. If tumors have to be saturated, αps, 
αr and γ should have lower limits, and αpn0, αsr and αan 
should have upper limits. Maximum possible tumor 
cell population ‘NTM’, saturated tumor cell density 
‘nTM’ and capillary surface area density ‘AcsM’, and 
tumor saturation time ‘Ts’ are the important biological 
parameters for the prediction of the outcome of a 
patient having brain tumor. NTM, nTM¸ AcsM and Ts are 
nonlinear functions of the tumor parameters as 
depicted by the equations (3a), (3b), (3c) and (3f), 
respectively. Degrees of influence of the parameters, 
αpn0, αps, αsr, αan, αr ,γ, αv and Kv on NTM, nTM, AcsM and 
Ts depend on their range. In the range of our 
numerical study, we observed that αr is the most 
sensitive parameter, followed by αan, αps and αpn0. 
Such types of parameters were not defined previously 
in any experimental study. The parameter ‘αan’, 
defined in this work is directly related to 
angiogenesis. Angiogenesis is considered as one of 
the prominent features in malignant brain tumors; and 
anti-angiogenesis therapy is widely used for cancer 
treatment35. The growth rate, NTM, AcsM and nTM of a 
tumor can be reduced greatly by enhancing the rate of 
energy requirement for regular maintenance of a 
single cell ‘αr’. A cell will be highly ordered when it 
has a large value of αr. If some methods could be 
devised to enhance αr of tumor cells, then, NTM, nTM 
and AcsM could be controlled to a safer limit. The 
concept of modulation of αr may be applied to explain 
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positive effects of mindfulness meditation, yoga, and 
pranayama for oncology patients40. 

Our study suggests that nTM, as well as AcsM, are 
constant for a particular value of fTS. NTM and VTM are 
inversely proportional to ‘b’ at a constant fTS. If value 
of ‘b’ is smaller (i.e. αpn0, αv & Kv are small), the 
saturated volume of a tumor will be more for a 
particular nTM. The human brain is composed of soft 
tissues having a range of shear modulus of elasticity 
0.4–2.1 kPa and the bulk modulus of elasticity 1.0-2.7 
GPa28,41. During the growth of a tumor, it has to 
compress, deform and degenerate the normal brain 
tissue to create space and expense energy in this 
process. The energy to create space for a tumor 
depends on the degeneration and elastic properties of 
the external normal tissue4. If normal external tissue 
has strong immunity and there is no degradation of 
tissue due to the growth of a tumor, then αv=1, instead 
of αv=1.3 × 10−4 (as used in our entire estimation); the 
saturated tumor volume will be reduced by 7692 time 
for a particular fTS and Kv. Hence, it is very difficult 
for a tumor to grow up to 1-2 mm3 size when normal 
external tissue does not give space by degrading itself. 
From equations (3a) & (3e), it is observed that NTM 
and VTM of a tumor are inversely proportional to Kv, 
when other parameters remain unchanged. The result 
shows the possibility of minimizing tumor population 
and size by enhancing the elasticity of normal brain 
tissues. Again, a tumor has a lesser death rate, smaller 
αr, and (when δ≠0) has a larger value of NTM, nTM, 
AcsM and r0. Ts and nTM increase with αpn0 for a tumor.  

Tumor angiogenesis plays an important role in 
tumor growth, invasion, and metastasis42. Angiogenesis 
and hyper-permeability of the tumor vessels are 
necessary for increased nutrient flux from capillaries 
to the interstitial space of a tumor to meet the greater 
demand for energy22. Hence, in histological sections, 
densities of microvessels and cells in brain tumors are 
found much higher than those of the normal tissue19. 
The rate of energy supplied per unit volume of tumor 
is given by the term Esu=αsrαs0αannT; which increases 
with the increase of nT till the tumor is saturated. The 
energy consumption rate is more in high-grade brain 
tumors, though estimated αan is found less in high 
grade than the low grade. The saturated cell density 
‘nTM’ of a tumor is higher if it maintains a larger rate 
of microvascular energy supply to each tumor cell. 
The parameter, αsr increases with the hyper-permeability 
of the microvessels. Hence, high-grade tumor has to 
increase its αsr to increase nTM. 

The growth rate in gliomas was investigated by 
many researchers using a tumor growth model 
considering the proliferation and migration of 
tumor cells8,16,43-44. The range of the growth rate 
reported by these workers was 1.70-50.29 yr−1. In 
the present study, we have found that the growth 
rate falls from the initial maximum value 'r0' to the 
minimum value at saturation 'rs’. In the 
demonstration of our model, using reported data of 
gliomas, the estimated r0 and rs are found within the 
previously reported range.  

Selection of proper value of the parameters αpn0, αv, 
αps, and αan is very important for accurate estimation 
of saturated parameters nTM, AcsM, NTM, VTM, Ts, and 
growth rate. The parameters Kv, VT, and total energy 
consumption rate of a tumor can be determined for a 
brain tumor by using advanced radiological diagnosis 
and PET scan. The histological diagnosis with nT and 
Acs evaluated by image morphometry of biopsy 
samples could be obtained for such tumors. 
Availability of experimentally obtained values could 
provide an accurate determination of the parameters 
used in this study. Again, in the actual scenario,  
when one parameter is modified, all other parameters 
of a tumor could be affected. The spatial growth 
pattern and tumor cell diffusion are not included in 
this model; which can be studied in the future for a 
better understanding of tumor proliferation and 
metastasis.  
 
Conclusion 

Using measured data of tumor cell density, 
microvessel size and density, tumor volume at different 
times, and overall energy consumptions by a tumor and 
elasticity of tissue, and integrating the information into 
an appropriate tumor growth model, one can predict the 
outcome of a tumor properly. The tumor saturation 
factor is an important feature to forecast the ultimate 
status of a tumor. Experimental investigation of cell and 
microvessel density in the early stage of a tumor is a 
challenging task; even we are not able to find any 
theoretical expression for the same. Using the present 
theoretical model, one can predict the temporal variation 
of tumor cell density, microvessel density, tumor cell 
population, size and growth rate; and their saturated 
values at different conditions. A tumor, having a larger 
microvascular supply of nutrients, lesser requirement of 
energy for maintenance, and smaller value of elastic 
modulus and resistance of normal tissue will attain 
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larger cell density and volume at saturation. Such 
information contributes to understanding tumor behavior 
in a better way and maybe exploited for the optimization 
of anti-cancer therapy.  
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