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Understanding physiological responses within the human body requires a detailed investigation of enzyme kinetics, a
fundamental aspect of biochemical processes. This study employs mathematical modeling to analyze enzyme behavior in
living organisms, focusing on the impact of non-competitive inhibitors on catalytic activity. Enzyme inhibitors are known to
modify enzyme-substrate interactions, either slowing down or completely halting catalytic reactions. Unlike competitive
inhibitors, non-competitive inhibitors bind to enzymes in a way that prevents direct competition with the substrate, altering
the reaction dynamics. This work formulates a system of nonlinear differential equations to predict product formation in
enzyme-substrate-inhibitor interactions. By computing threshold values, the study examines enzyme efficiency, substrate
conversion rates, and complexity in biochemical reactions. Stability analysis is conducted to determine asymptotically stable
conditions for optimal enzyme-substrate reactions. Numerical simulations provide insights into the impact of inhibition on
biochemical pathways, offering applications in drug design, enzyme regulation, and metabolic engineering. The findings
contribute to medical biotechnology and bio-informatics by enhancing our understanding of enzymatic control mechanisms

and their relevance in therapeutic interventions.
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Biological reactions in anthropology, follows varied
study. Large amounts of similar physiological
reactions are analyzed through Enzyme kinetics using
Mathematical modelling, which help to predict
enzyme behavior in living organisms. For a reaction
to take place, a quantity of energy, called the
activation energy, is needed irrespective of whether
the reaction consumes or releases energy. All
enzymes being protein in nature increase the rate of
this chemical reactions or chemical process in mortal
body. These biocatalysts act upon molecules called
Substrates to accelerate product conformation by
reducing the needed activation energy, deprived of
being absorbed during the procedure. Enzyme-
catalyzed reactions take place at more faster rates than
reactions without enzyme. Enzymes are precise by
their kinetic performance of binding with the substrate
for product conformation, which is much further
alluring in scientific and technological advances
which grease the study of enzymes and their
operations. countless operations of enzymes have

been extensively explored and advanced in
biotechnology, industrial applications, and
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pharmaceutical research. Some common operations of
enzymes are in Medicines, food processing, biofuels,
and so on. Before an operation for an enzyme can be
developed, its medium of action must first be
understood. Besides complex natural experimental
studies, to Completely understand similar intricate
reactions, one must explore beyond the confines of
chemical and natural tools and look towards fine
modelling and model reduction ways to give a vast
array of analysis tools for similar models.

Substances that reduce the effort of an enzyme-
catalyzed response are known as impediments.
Principally, impediments are low molecular weight
composites that form an enzyme- asset complex which
bind with the enzyme, thereby reducing or fully
inhibiting the catalytic exertion of the enzyme and
hence reducing the rate of response. Even though
catalysts are significant ever, high enzyme exertion can
also give rise to some abnormal conditions and may
lead to certain conditions. Hence, hyperactive enzymes
are seductive targets for outgrowth of asset molecules
(specific compunds designed to regulate enzyme
activity and decrease disease conditions) to relieve
complaint conditions. Manipulation of enzyme
catalysis with impediments is critical for forestallment
of contagious conditions, treatment of hypertension,
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control of seditious response and further. Besides
impediments that are acting as remedial agents, these
also play pivotal places in natural and clinical
exploration. The entry of substrate to the active point of
enzyme can be choked by binding of an asset patch to
that point. Alternately, occasionally impediments not
only bind to the active point of enzyme but can also
bind to a point other than the active point and develop a
conformational change that stops the entry of substrate
to the active point. Impediments take measures directly
or laterally affecting the catalytic parcels of the active
point. They're involved with catalytic and enzymatic
reactions. Enzyme impediments are classified into
different categories, one of which is reversible
inhibition. Reversible inhibition can be further divided
into three types as competitive, Non-Competitive and
Un- competitive inhibition'. Enzymatic inhibition
processes are veritably common mechanisms in
cellular metabolism. We can cure number of
pathological conditions by using enzyme impediments.

Applications in drug design

Iea% to

Advances in medical
biotechnology

ical abstract

occasionally receptor blocking is not getting net effect
what we want, at that stage we can inhibit target
enzyme which give proper and perfect result’. In the
Non-Competitive inhibition process, the enzyme patch
has two binding spots, one for the substrate (active
point) and another for the asset (non-competitive
point)’. The list of an asset patch to an enzyme patch
deactivates the active point of the enzyme patch. In
non-competitive product inhibition of an enzyme, the
product acts as an inhibitor. It binds to the enzyme at a
site other than the active site, either to the free enzyme
substrate (ES) complex”.

As per till date inquiries, fine models have been
established to analyze enzymatic reactions of cellular
metabolism that have a special interest with
biotechnology’. Fang, X. established a fine model of
enzymatic inhibition that's used to pretend two separate
inhibition mechanisms for the growth of Tuberculosis
cells in an in vitro terrain’. The kinetic dynamics in
miscellaneous enzymatic hydrolysis of Cellulose were
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studied® and kinetic equations for reversible enzyme
reactions with some logical approximate results were
also established®’. The formulation of algebraic model
for the kinetics of covalent enzyme inhibition under
less substrate involvement has also been generated in
this continued study'’. Model reduction is a strategy for
dwindling the computational intricacy of fine models.
Working the complex enzymatic reactions is a clumsy
task and hence some well-known styles have been
applied to describe their dynamics. Quasi-equilibrium
approximation (QEA) and quasi steady- state
approximation (QSSA) are the two standard styles
whose approaches can be applied in natural systems, to
reduce variables and parameters for similar
systems'"'2. Several fine workshops have explored
models of biochemistry using differential equation
systems'*'°. Biochemical response networks, similar as
model reductions in chemical dynamics, slow steady
manifolds, thermodynamic estimates, response graph
analysis by smearing fine modelling ways have been
applied to enzyme impediments with slow and fast
subsystems'® also, a fine model has been established
which gives an approximate logical result using
Homotopy anxiety system and develop logical results
to the fine model".

In this analysis, we aim to study fine forms for
developing enzyme- substrates reactions for product
conformation predicated on time under the influence
of Non-competitive Impediments. Formulate the
model as a system of nonlinear differential equations
that predicts the product conformation predicated on
Enzyme- substrate- asset response parameters.
Reckon the threshold value for studying the enzyme
effectiveness, complexity, and other parameters for
the substrate product. Study the stability analysis for
the ideal product conformation and hence decide

asymptotically stable results for the Enzyme-
Substrate model with numerical simulation.
Materials and Methods

The mathematical expression of the enzyme

kinematics problem with Non-competitive impediments
in biochemical systems has been modeled using
ordinary differential equations. The impediments reduce
the activity of enzymes and bind equally well to the
enzyme whether it has already bound the substrate and
forms two different complexes namely Enzyme
impediment complex and Enzyme-substrate-impediment
complex which hinders the product formation. whereas
It’s to be noted that enzyme may bind with substrate at
its active site equally well and form Enzyme-substrate

complex which releases a product and free enzyme. The
free enzyme is then available for another reaction to
produce a new reaction. Here the system is written as:

The fundamental enzymatic reaction for Non-
competitive inhibitors:

(rr) (rr)s (rm)e
e+s = es—e+p,et+i = ei es+i = esi
(rr), : (rr)s h;

(1)

Wherei is the inhibitor, es, ei, and esi are complex
intermediate components. The model has seven
parameters (rr), (rr), ()3, (17)4, (r7)s, (r7)g and
(rr);. Model variables are s = [s],e = [e],c; = [es],
¢, = [ei],c; = [esi]and p = [p]in their normalized
concentrations to be 1 mg.

This mechanism illustrates the binding of substrate
s and the release of product p in the presence of a
Non-competitive inhibitor “i”. “e” is the free enzyme,
“cy” is the enzyme-substrate complex “c,” is the
enzyme impediment and “ c3 ” is the enzyme-
substrate-impediment complex. Also (1), (r7),,
(rr)3, (11)y, (r7)5, ()¢ and (rr),  denote  the
measure of the rate of reaction of all processes. Note
that substrate binding, first complex binding and
inhibitor binding are reversible, but product release is
not. This chemical reaction, can be converted to a
mathematical model using the law of mass action and
favorable analysis, the system of following non-linear

reaction equations as follows'”*:

ds

e —(rr),es + (rr),cq ... (2a)

% = —(rr)ies + (rr)ycq + (11)3¢1 — (17)4€0 +

(rr)scy ... (2b)

di . .

d—; = (rr)scy, — (17r)4ei — (rr)gcyi + (11)5C5 ... (2¢)

dey ,

ar (rr)ies — (rr)zcy — (rr)zcy — (rr)ecii + (1r)7¢3
... (2d)

d

d—’; = ()¢, ... (2¢)

dCZ .

P (rr)sei — (rr)sc, ... (2D

dC3 .

e (rr)ecii — (11)7C3 ... (2g)

Where (rr),is the measure of the forward rate of
complex formation c¢;, (rr), is the measure of the



PATEL AND KUMAWAT: NON-COMPETITIVE ENZYME INHIBITION, COMPUTATIONAL INSIGHTS 193

backward rate constant, (r7); is the rate of product
formation and enzyme release, (r1),41s the measure
of the forward rate of complex formationc,, (r7)s
is the measure of the backward rate constant,(r7)gis
the measure of the forward rate of complex
formation c3, (r7); is the measure of the backward
rate constantand cq,c, and c; are the complex
intermediate components

Consider the normalized initial conditions for
substrate s, enzyme e, complex ¢, and product p as
follows:

s(0) = s0,e(0) = eg, i(0) = ip, c1(0) = c,(0) =
c3(0) =p(0) = 0. ..03)

Where, equation (2e) is directly integrable and system
equation along with the initial conditions in equation
(3) states that,

e(t) +c1(t) +c(t) + c3(t) = e, .. (4a)

cy(t) + c3(t) +i(t) = igand .. (4b)
ci(t) +s() +p(t) + c3(t) = s .. (4¢0)

Thus the revised differential equations of the model
reduces to,s, I and c; as:

ds . .
i —(rr)1s(eg —ig+i—cy) + (1r)cy ... (52)
Z—i = —(rr),ileg —ig+i—c)+ (r)s(s +pcy +ip—

— i) — (rr)gic, + (r1),(sg — s —¢; — p) .. (5b)
S8 = (rr)iseg —do + i — 1) = (1) + () +
(rr)ei)cs + (11)7(sp —s —¢1 — p) .. (5¢)

Where each one of them has normalized initial
conditions

The stability of this system

Theorem: A system of a differential equation is
asymptotically stable if and only if its basic
reproduction number (R,) is less than 1.

To determine basic reproduction number using
Next Generation Matrix. FV~1is next generation
matrix, where F and V both are Jacobian of
Y and A evaluated for Enzyme, Substrate, Non-
competitive inhibitor, product and both Complexes at
an equilibrium point**,

(rr)1s(io +¢1)
(rr)4iiy — ¢1)
0

So, 2(X) = and

—((rr)I s(e, + i) +(rr), ¢
—(rr),i(ey +i)+(rr), (s + pe, +iy =5, —i) =
(), ic, +(r7), (s, =5 —¢, = p)

(), s(ey =y +i*Cl)*((l‘V)z +(rr), +(rr)6i)

7L’| +(rr)7 (S" —5—Cq —p)

Where, X = (s,¢)%, 2(X) denotes the entrance to
the compartment and A(X) denotes transferring to
another compartment or leaving the system. Then the
Jacobian at the equilibrium point is given by

az] andV = [S—Q], wherei = 1,2,3.

F= 13

As aresult,

()1 (o + ¢1) 0 (rr)ss
F= 0 (rr)4(ip = ¢1)  —(rr)4ifand
0 0 0
—(rr)ileo + 1) =(@r)is @)
V= (rr)s — ()7 —2(rm)4i = (r)s — (M1 p(r)s — ()i — (1)7
(rr)ileg —ip+i—c) = () (rr)1s = ()2 (rr)eca =((rm)1s + ()6 ()i + (17)7)

Theorem: If the determinant of a matrix is non-zero
then its inverse does exist.
Accordingly for our model we have, |V| =

(mfm)ss® — (R (m)ss” ~ (m)alme(rm)y — em)a(m)o(rm)s — sty
+eg(rr)y(rr)a(rr)s — eg(rry (rm)s(r)y +i(m)y () (r)s
=l (r)a(rm)s — irm)u(rr)s(rr)y — 2irr)a(rr)a(rr)s
+ (s = (s — (m)u(m)s(rmhas
= G(h(rma(m)s = cirim)sms + camyimsm)r
+ 2 (m)a(m)s — e ()ilmlys — W)y — eolrmim)ss
= iR m)ss = i) im)ps = 2P, (s + Cieo(rr)a (e
= () (m)s(m)s — 2aii(rr)y (rra(rm)e + €ai(rrh (m)a(rr)s
= alo(mi(m)a(r1)s — cailrru(mhs(rm)y + 2egi(m)(rrha(rr)e
= 2egi(rr)y (1) (rr)y = 2 (1), (1), (rr)y — () ()5 (rr)ys
+ ()i (rr)s(rm)sps — 5190(’"7')12(")65 - ZCli(W)1Z(W)65
= 2egi(rm)i(m)es — FT)(m(ms(rr)s — 28 )0
= tig(rr)}(rm)ss + ey (r)sps +ia(rm)f(rsps
=200 (1), 1)z (11)alrm)s + ()1 (112 (s (1)
+ i)y (rr)a(rr)s(rm)y — eoi(rrh (rr)a(rm)s(rr) — irm)o(rm)a(rr)s(rr)es
Hi(rr)y (1) (r)s(rm)ss — creg(rry (r)arm)s(rr)ep
= i)y (m)y(rm)sm)ep # 0

Since determinant of V is non-zero: V™! =
Vit Vi Vi3
Vo1 Voo Va3
Va1 Viz V33
Where;
Vie= = ((m)s(rm)y + a(m)srr)y + 2i(rm)s(r)z + (m)u(rm)ss + (r)i@r)zs

— ay(mm)e(rr)r + carr)i(rres + i(rr)a(rr)s(rr)s + 2i(rr)y (rm)es

+ i (rrdes — (T (rrsps + 2P @T)2(re(r)s

+ e ()s(rmle) [((rHm)ss” = (i)’ + (m)a(rs(r)y

+ @) (m)s + a(m)2(m)s(m)s — eoGr)u(rm)a (s

+ eo(r)i(rm)s )y = i(rr)i(rr)2(rm)s + ip(rra(rm)z(rr)s

+ i) (s )y + 200 (r)y(r); — () (rr)a(rm)ss

+ @1(m)a(r)rs + (i(m)s(rr)s +G M)y (ms

+ e )s(rrls — eEr)i(mg(rr)s — 28(m) (rr)a(rr)s

+ a@ir)s + 21 (ma(rm); + e (m)ss + i) (s
+i(m)i(rr)ys + 22T es — e (M) (m)s

+ c1eg(r1(r)s(rr)y + 2e1i(rr)(r)a(rr)s — ()2 (m)s

+ Caig(rr)1(1m)2(m)s + cai(rn)1(1)s(r7); — 2epi(r7) (12 (7).

+ 2e0i(rm)y 7))y + 2Uip (), (1) (11)y + (), ()6 ()78

— ()1 (m)s(rr)ps + creo(rr)i(rres + 2c1i()i(T)es + 2e0i(rri(rr)s
+ En)y () ()5 (s + 25 )y (m)e(r)s + ia(rr)E(rm)es

= ey (i rr)sps — io(rr)1E(r)sps + 2eqi* () 7)o (rrs ()

— 1y (rr1(r)2(rms(rm)7 — ci(rr)1 (rr)a(rr)s (rr)y

+ eoi(rr)1 (1) (r1)s(rm)s + i(rr)y ()2 (rr)s(rr)es — i(rm)L(rr)a(rr)s(rm)rs
+ c1eg(rr1 ()2 (s (rr)sp + i)y (2 Em)s(rr)sp
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Vig = ((r)is? = (m)a(rm)as + ()1 (rr)ss + ca(rr)3(rm)s + i) a(rm)a(rr)es) /()i (rr)ss?

= ()Hrm)s + (m)a(rm)s(rm)y + (i) (ms + () (m)s(r)y

— e () () (r)s + eg (1)1 () (rm)y —i(rm) ()2 (rr)s + i () () (s
FITREr)s(r) +200m)2(rm)a(rr)s — (M (m)(rmss + (i (m)2(r1)ss
+ () (m)s(m)es + G m)u(malrms + e (mims (s — a (M3 ()
=280 (rm)a(rr)s + e (rr)irrdas +22(rm)a(rr)a(rr)y +eo(rr)is
+inErm)ss + (i) + 22 () Hrres = ce(rr) (m)a(rr)s

+ gy (mmg(my +2¢41(rm) (1) (rm)y — i @)y () (m)s

+ ey (rr)u(rr)a(rm)s + cli(rm)u(rrs(rr)r — 2epi(rr)y (rr)a(rr)s

+2egi(rr)y (r)a (rr)7 4+ 215 (rr)y (rr)a (rr)a + i0rr)1 (1) (1)s 5

— () (m)s(rT)7ps + €1 ep(TT)i () + 201 (rr)3(rr)ss +2eqi(rr)i(rr)as
+i(rr) (r)a(m)s(rms +28 () (m)a(rr)a(rm)s + iia(rr)i(rr)es

= e (rrYi(rr)sps ~ ia ()3 (rr)sps + 20 () (rr)a(rr)e(rr)s

—1eg(r)y (Im)p () () — i)y () (im)e(rr)z + eqi(rr)y ()2 (1) (1)
FITL e (m)s (m)es — Irmu(r)a(rr)e(rr)ss + ciea(ru (1) (rm)s(rm)ep
+ei(rma(rr)a(rm)s(rrep)

Vig == ((m)2(rms + cL(rm2(rm)e + 2i(rm)a (s + (rr)a(rr)ys + i(rm)o (s

= () (r)sps) () Hrr)ss” — () Erm)ys® + (1r)(rm)s(rr);
+e1()m)a(rr)s + ()2 (rm)s(rr)y — eo ()1 (rr)a(rr)s

+e(rr) (r)s )y — W)y () (175 + i () ()2 (rm)s + 10y (r)s (7).
+2i(rr)z(rr)a(rm)y — (a(rr)a(rr)ss + () (rr)a(rrrs + @) (rm)s(rr)es
+ L) (m)s + e (TR s (s — (i (mg(im)s

=22 ()2 (1) + (R (m)gs + 280y (1r1)4 ()7 + e (rr)i(r1)ss
FUTFT)ss +ip(rT(m)ys + 22 ()ss — c1ep () () ()
+e18g(rm)y (M)s(17)7 + 260101 (7)o (71)s — €2i(r) ()2 (17)s

+ €1l (1)1 (112 (r1)s + i ()1 (r1)s (17)7 — 201 (1) (17)2 (1)

+2eqi(rr) (rr)a(rr)z + 21k (1) ()2 (r7)s + () (r1)(17)7s

— ()L ()s(r)sps + 1eg (T (rr)es +2¢ii(rmi(rr)es + 2eqi ()i (rr)as
FEET) ) (7)s(r)e + 28 @)L (r)e(r1)s + g ()T(rr)es

— (i am)sps —io(rri(rm)sps + 2o (1)1 ()2 () (11

— c1e0(rr)1 (T2 (rr)e(rr)y — cai(rr)1 (r)a(rr)s(rr)7 + eoi ()1 ()2 ()5 (7r)s
+ i) (e (m)s(res — i (m)2(rr)s(17)7s + 10 (1 (17)2 (1) (1)
+ e1i(rra(rm)z(rr)s(rep)

Vo == ((rr)s ()7 — () (s + co(rm)a(rm)z — eo(rr (rr)y — i)y + fa(rr) ()7

+i(rr)g(rr)s — (r)s(rr)zp + () (r7)ss — (rr)a(rm)es + i) (rr)s

= &gi(rn) (rr)g +itp (M) (r)g — 1 (rr)1 (r)sp + eo (1)1 (17)sp

+i(rr)2(rm)s (e — ()2 (e (rr); + ()L (rm)sp

— i ()1 (rr)sp) /(A m)ss® — () (rmhys® + (1) (rr)s(rm);

+ () ()2 ()5 + 1 () () (rr)y — ea () ()2 (1)

+eo )y (s )y — )L ()2 (r1)s + i ()1 ()2 (r7)s + 1)1 (r1)s ()7
+2ir)2(rm)a ()7 — (M1 ()2 (r)ss + ()2 (11)7s + ()1 ()5 (r1)zs
+ A )2 (s + (TR s (s — L3 (s (i)

= 262()1(rr)a(rr)s + Cy(rr)EEr)es + 220 (rm)a(rr)7 + eo(rr)i(rr)ss
HIrIr)ss + o(r)irm)ys + 22 (r)as — c120 ) (rra (s

+ 18 (1), ()5 (r1)7 +26110), ()5 (1) — €48(rm), (1), ()

+ o (rr)1 ()2 (rr)s + i (o (rr)s (rr)7 — 2e0i )y (rr)2 ()

+2e0i(rr)y (rr)a(rr)z + 2o (r1)1 (r7)2 (rr)s + i(rr)y (rr)s(rr)zs

— (1 (s (rm)7ps + 10 (T3 (17)s5 + 201i(rT)1 (1 )es +2e0i (T3 (r7)as
() (m)s(r)e + 20 () (m)a(rm)s + o (rr)E(rm)ss

= ey () m)sps — io(rr)i(rrsps + 2eo? ()1 ()2 (r)a(rrls

— 1g(17) ()3 (g ()7 — i ()L (r)a(rm)s ()7 + gl ()1 (e (rr)s (s
+i(rr) ()2 (rm)s(rr)es — i) )2 (1m)s(rr)zs + c1eo ()1 (rr)2(r)s (rr)p
+ i ()1 ()2 (s (r)sp)

Vag == () (r1)g + eo(rr)is +i(rr)is + 1 (1) (rr)z — ea(rrh )z + eg(r1)1 (17)7

—i(rr)y (1) +ip (), () + i)y (1) +E )1 (rr)a(rm)s

+ (T (rr)a(rm)e) /()] (rm)ss? = ()i (rr)ss? + () (rr)s (rr)s

e (rmu(rm)2(rr)s + €1 (rr)a (s (rr)s — eo (M (rr)2(11)s

+e(rr)a(rr)s ()7 — Wrrhy (r)2(rr)s +ig (1)1 ()2 (1) + i), (r)s ()7
+2i(rr)(rm)y(rr)y — ()1 (rr)2(1)ss + () (m)a(rr)ss + (7)1 ()5 ()5
(I m)a(rr)s + (i (s (s — (i (rrs(rr)y

= 28201 (r)a(rr)s + €1 (rmIT)ys + 26201 (rm)a(rr)7 + eo(rr)i(rr)ss
HITRET)ss +ia(rri(rm)zs +2E (i (mes — 1o () (s

+ e (m)s(m)7 +2ai(m)1 (m)e(m)s — el (m)z (s

+ o ()1 ()2 (rr)s + i (o (rr)e (rr)y — 2e0i ()1 ()2 (r)a
+2eqi(r1), ()4 (r7)7 + 21i(r)1 (r1)2(11)g + (7)1 (1) (17)75

= (r)L(r)s(r)5ps + c1eo(rr)i(rm)es +2€1i(rm)i(r)es + 2eqi(rr)i (s
) () (r)s(11)s + 28 ()2 (1) (11)s + Ho(rr)i(rr)es

— ¢y (rr} (rr)sps — ip(rr)i(rr)sps +2egi*(rr)y (1), (1) (115

— €18 () (o (r)e(1)7 — e lrn (rr)a(rm)e(rr)y +egi(rr)a (rr)a (r)s(1)s
+i(rr) () (m)s(m)es — irr)y (rr)a(rm)s(1m)ss + €160 ()1 (rr)a ()5 ()P
+ i)y ()2 (ms(mep)

.Vza =((r)2(r1)7 = () (7)s +12(rm)1 (11)g + € (1) (117 + (1), (17) + €gi(17), (17)s

— eo(r)(rm)sp — i) (rm)sp) /() (m)ss? — (m)i(rr)ss® + (m)a(rr)s(rr)s
+a ()i (m)s + a(m)e(m)s(rm)y — eo(rr)a(m)(rm)s

+ eo(rr(rm)s(rr)s — 1) (rr)z(rr)s + 1o (rr)a(rr)2 ()5 + 10 (rr)s (7)1
F2i(rr)2(r)y(rr); = (), (1) (r)ss + ()1 (1) (r1)78 + (), (1) (11) 75
+ G (m)s + am3(ms(rms — c (MiEms(rr);

= 220 (rr)a(rm)a + i (rri(rm)zs +22(r)a(rm)a(rr)s + eo(r)i(r)ss
TR ()5 + io(r ()58 + 282 ()3 (1) s — caeo(r (r1)2(17)s

+ 1eo(ra(r)e(rr)y + 264i(rr)y (rm)a(rr)s — cal(rr)u ()2 (s

+ Cig (1) (rr)a(rr)s + 1) (rm)s(rm)7 — 2e9i(rr)y (rr)alrr)s
+2egi(rr)a(rr)a (rr); + 205 1)y (rr)a (1) + i)y () (1) s

= (M) ()5 (1)7ps + €120 (1)} (m)es + 26y () F(r)gs + 285 () i),

+ B (1) (rr)s(rr)s + 288 (1) (r7)g (1) + Hip(rr)i (rm)es

= (mirr)sps — i ()I(rm)sps + 2652 () () (1) (1)

— e (T (rm)a(17)s ()7 — i (I (rr)a(r1)s(rr)y +e0i(rr)y (rr)a (s (11)s
() (o ()5 (rr)es — ()1 () (rr)s(rm) s + creg(rr)a (rr)a (rr)s(rr)ep
+ i)y ()2 (rms(rr)ep)

Va1 = ((7"')5(7")7_* 263(rm)1 (rm)s + 1 7)1 (rr)s + €1 (1) ()7 — eo(rr)u(rr)s — i(rra(rr)s

+io ) (rm)s +20@Na(r)s — () (r)ss + (1) (rr)s + A (rr)e
—€1ep(r7)1 (176 + 201i(r)1 (11)y — cLi(ra (1) + Calo (1)1 (17)s

—2e0i(r1)1 (1) + 1 (11)2(rm)s ()6 — €L ()2 (1m)s ()7

+2iip(r)y (1)) /()T (7)ss” — ()i ()58% + (11)2(rm)s (17)5

+e1 ()2 (rr)s + €1 () (s (17)7 — eo () (rr)2(rm)s

+eo(rr)y(r)s )y — i) ()2 ()5 + fp (1), (r1)2 ()5 + () ()5 ()7
+2i(rr)2(rr)a(rn)y — (rMa(rr)2(rr)ss + (r)a(rr)a(rr)s + ()1 (rr)s(rm)ss
+ () () (1) + e (TR ()5 (s — e (rr R () ()5

= 2i3(rr) (rr)a(rr) g + €y (PP ()78 + 202 ()1 (7)o (17); + eg ()3 (rm)ss
+i(rr)i(rr)ss + ip(rr(r)zs +2E2(rm i (11)as — ¢80 ()1 (rr)a (s
+c1eo(rn)1 (s ()7 + 2, i)y (r)a (1) — cyi(rr)a (rr)2(rm)s

+ €4ig(rr)y ()2 () + €yiGm) (1) (rr)y — 2e0i ()1 (r)2 ()4

+2e9i(rn)1 (rr)a(rr) + 28a0(rr) 1 (rr)2(rr)s + H(rr (rr)s(r7)7s

— () (s (rr)sps -+ 120 (1) H(rr)es + 211 (rr)gs + 20 i(m)i (rr)ys

+ P ET) ) (m)s(rr)e + 21 m)a(rr)a (s + o (i) es

— (R Er)sps — b (m)Err)sps + 20l (rr) ()2 (rr)a(rr)s

— 18o(11), (1) (11)s(rm); — €,i0m), (1), (17) (1) + i (r7), (1), ()5 (17)s
Fi(rr)y () (rr)s(rr)gs — i(rr)y (rr)a(rr)g(rm)zs + c1eg ()1 (ra (rr)s(rr)ep
+ei(rr)u(rr)a(17)s(rr)sp)

Vsz = = (e1(rn)is + ip(rr)3s +(11): (rr)ys — 1), (1) (1)

= yi(rr)y (m)a(rm)e) /()i )5S’ — G (rr)ys® +(11)y (s ()7
+e1(rm)a(rr)a(rr)s + ca(rr)a (rr)6(rr)s — eo (1)1 (77)2(r7)s

+eg )y (r7)s ()7 — i)y (m)2(rm)s + 01 ()5 (1) +2i(r) (1) ()7
+ig(rr)1(rr)a (rr)s — (rr)a(rr)a(rm)ss +(rm)a(rr)a(rr)zs + ()1 (rr)s(rr)ss
+ M (m)a(m)s + e (TR (m)s(m)s — ey (rr)im)s(rr)y

— 2871 (1) (1) + 6 (P (rr)ps + 28 () (1), (1) + ()i (m)ss
+HHIT)I(Im)ss +ip@r(rm)ys +22(r)F ()45 — 180 ()1 (1T)2(rm)s

+ €180 (r)s(rm)s(r)7 + 2,01 (12 (rm)s — 1l (r)a(r)s

+C1i(rr)y (rm)s(rr)s + o ()1 (1) (1) — 2e08() 1 (1) (174
+2ei(r)a(rr)a(rr)7 + 20 (rr)a (rr)2(rr)s +i(r)a(rr)s (r)7s

= ()1 (1) (r7)gps + c1eq(rT)i(r)es +2¢,1(r i (rr)es + 2 e5i (1 (11 )s
) ) r)s(rrs + 2007, (r)a(rr)a(rr)s + iia(rr)(rr)es

— 1 (IR (rm)sps — bo(rr)T(m)sps +2 ei” ()1 (rm)2(1)a(11)s

— €1eg(r1)y (1m)a (1) (r1)7 — €yi(m)y (1) (r1) ()7 + gl () (rr)a (r)s(1m)s
+ U () ()5 (r7)es — Urr)1(rr)2(rr)s (r7)7s + crea(rr)1 (rr)a(rr)s(rr)ep
+ i (rm)a(rr)s(m)sp)

Vag= — (280, (1), + ey (), (11)s + 1), (rr)s + (rm)y(rm)ss — (1), (11)s

+aeo(rrh (s +cai(rri(m)s + 2eai(rrm)a) /()i (rr)ss®

= (rREm)ss” + (r)a(m)s (s + () (rm)a(rm)s + c(m)a(m)s (1)

= eo(ru(rr)a(rm)s + eo (M (s (rm)y = i(rr)(rm)a(rrs + i1 (rr)s (i)
F20(rr)(rm)a(rr)y + o (s (rr)a(rr)s — () (m)2(rr)ss + () (m)a(rr)ss
Hhm)s(rm)as + A (rmalrms + a3 (s — e ) (r);
=2 () + e (rm)i(r)s +282(rm) (1) (1) + eg ()i (rm)ss
+Hi(r m)ss + o ()i rr)ys + 28 () Fras — cpen(rry (ma(ms
+a1eo(rm)y(rm)s(rr)y +26,10m) (1) (rm)s — sl (a2 (m)s
+ai(rm)u(rr)s(rr)y + cala(rr)a(r)a(rr)s — 2e0i(rr)1 (112 (rr)s
+2egi(rr)y (), (r7); + 211 (1), (1), (1) &+ i(rm), (1) (rr) s

— () (r)s(rm)sps + crea(ri (m)es + 2cyi(rr) i (rm)es +2egi ()0

+ L) rr)s r)sdet 20 Era(m)alre + ()] (v)es

— (1)1 (rr)sps — ig(11)1(rm)sps + 2egi (1)1 (rr)a(rm)a(rm)s

= cieo(rm(rm)a(rms(rr)y — ci(rm)y (rr)a(rre(rr)7 + egi(rr)y (rr)2(r)s(rrs
i (m)a(rm)s()es — i) (1) ()e(rr)ss

+1eg(rr)y (rm)a(rm)s (rr)sp&c+ €i(rr)y () () (rgp)

a11 Q12 413

Asaresult, K = FV 1 = |ay; az; ax;

0 0 0

ayy == () srn)s(rr)z — 200 (r)s + e ()1 (s + e1(rr)s(rr)7 — eo(rr)a(rm)s

—i(rr)1(rr)s +21@r)a(rr)s + i () (r)s — (rr)a(rr)ss + (r)a(rr)ss
+e1(rm)L(1)s — c1ea(ra(rr)s +201i(m)(r)a — ci(rr)i (s

+ 1B () (1) — 2ei(r) 1 (rr)y + €1 (r7)2 ()5 (1) — €2 (7)1 ()6 (17)7
+2ilp(rr)1(rr)s ) — (1(rm)y + b (rr) ()5 (r7)7 + €1(r7)e(r7)7
+2i(rr)a(rr)y + (17)1(r1)s5 +(r1)1(r1)75 — €1 (rr)a(rr)e (1) + o (1)1 (7)es
Fi(rr)a(rr)s (rr)g +200r )y (rm)ys + 1)1 (r7)es — ()1 (r1)5ps

+28 () (11)4(r1)s + €1 (112 (r)s(rsp) ()R (rm)ss® — ()i (rr) s

+ ()2 (s (rr)7 + LT ()2 (rr)s + ()26 (rm)7 — eo(rr)y ()2 (s
+ep ()1 (rm)s )y — irr) ()2 ()5 + i) o (rm)s (rr)7 +2i(rm)a(rr)a(rr)7
+io ()1 (rr)a(rr)s — (rra(rr)z(rr)ss +(rrh(rr)a(rmzs +(rr(rr)s(rr)zs
+ ) (m)a(rm)s + ey (TR (s (s — ey (MR r)g(r)z

— 2(rr), ()2 (rr)e + €L (rF(rr)ps + 282 ()1 (7 ()7 + 2o (r)i (rm)ss

T r)ss + (M) im)ys 22T — €180 ()1 ()2 ()
+1eg(rr)1(r)s(rr)7 +2e1i(rr)a (rr)2(rm)s — c1i(rr) (rm)a(rr)s
+¢4i(rr) (1) ()7 + 4o ()1 (1) (1) — 2e4i(rm), (1), (7).
+2eyi(rr)(rr)a(rr)z + 2iig(rr)1 ()2 (11)4 + i) 1 (11)6 (17)7s

— ()1 (r)s (rr)sps + €180 ()i (r)gs + 2 €i(rr) (rr)es + 2eqi(rr)i (rr),s

+ ) () (7)5(r)s + 203 (g ()3 () (1) + g (rr)T(rr)gs

— ey (i (rm)sps — 1p(r1)T(rmsps + 2egi® (1)1 (1o (rr) 4 (s

— 18g(r7)1 (1) (rr)e(rr)7 — i)y (rr)a(rr)s(rr)7 + i (rr)1 (1) (17)s (1)
i)y )y ()5 (rr)gs — i) (1) ()6 (1155 + €180 (11)1 ()2 (115 () 62
+ () (rr)s(rmep)
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ayy =((n)(fr3m)s — ()1 (rr)s” = €y (m)y (s + g (i) (71)5 — b (77 (1)

+ip ()1 (11)75 + cig(rr () + €1eo(rr ) ()2 (rr)gs +26,8(r), (7)o (17)gs
+itg () () (s D (F(m)ss”™ = ()i (m)s™ + () ()5,
+y(rr) (rr)a(rr)s + ca(rr)a (rr)(rr)y — e () (rr)2(rm)s

+ey(rr)y (rm)s (rm)y — i)y )y (rm)s + 1 (r)a () (rn)s +i0r) 1 (r)s (r1);
+20(m)y(r)a(r1)y — () (rm)2(rm)ss + () a(1r)7s + () (rr)s(rmzs
+ () (mhalrms + e (TR m)s (s — e (MR (me(rr)y

=23y (rr)a(rm)s + o (m)i(rrYys + 205y (r)a(r)s + ea(rr)i(rr)ss
+i(r)i(r)ss + ip(rr)i(m)s +26(rr) (rr)es — coen () (rr)2 ()
+0180(r7)1 (s (rr)7 + 2001 (r1)2(rm)a — Coi(rr)a ()2 (rr)e

+cpip(rr)a (mm)a(rm)s + i (rr)a(rr)s (s — 2egi(rr)a (1) (s

+2eqi(r)1 (r)a(rm)z + 28 () (rr)a(rr)e + i (rms(rr)ss

— () (r1)s(rr)ops + c1ea(rri(m)ss +2cai(rr)i(rm)ss + 2egi(rr)i (rm)as

+ 2 (rr)s(r)s + 28 ()L (rr)a(rma(rr)s + iia(rr)i(rr)es

— ey (rr) (rm)sps — ip(r)T(rr)sps + 2egi () (1) (1) (1)

— (1) (rr)a(rr)g(rm)y — yi(rr)y (rr)o(rr) ()7 + egi(rr) (), ()5 (1)
Him () 0r)s(rmes — i r)2(rm)e(rr)ss + creg (r)(rr)a(r)s(1r)ep
+ei(rr)y (ra(rr)s(rr)sp)

a3 = (= (C(rm)y + i) D)2 (m)s + € ()2 (rm)g + 21, (1) + (11) 1 (17); 8

+i(rr)a(rr)es — (I (rr)sps) — (s + e Th(r)s
+i(rr)1(rr)s + (rr)1(rm)ss — (I (r7)78 + 180 ()1 (rr)s + i) (s
+2ei(r(rr)a) [ ((rrrm)ss® — (i) s + (e (s

+ 611 (r)a(rm)s + €1 (1r)a () (rm)y — e (1)1 (12 (1)

+eo ()15 ()7 — i ()2 (rr)s + i(m)o(rm)s ()7 + 2002 (e ()7
+ig ()1 ()2 ()5 — ()1 ()2 (1)ss + ()1 ()2 (7)7s + ()1 (rr)s(rr)zs
+ I rm)a(ms + (M3 ms(s — (TR ETs(rT)

— 22 ()1 ()2 (rny + 6 (i E)ss + 22 @)1 e () + eo(r)i(rm)ss
Hirr)iEn)ss + i(miT)ss + 22 (7)as — 180 (7)1 (T2 (1)

+ () ()e(1m)7 + 2600 () (1) (1) — €4 0(m)y (7)2 (1)

+ i) (rr)s(rr)7 + crlo(rr)1 (rr)z (rr)s — 2eoi(rr)1 (rr)2 (17)s

+2e0i(rr (rr)a(rr)z + 21 (rr) ()2 (rr)e + i) 1 (r)s (17) 25

— (r)1(rr)s(rr)zps + c1eo(rr) 1 (rr)ss +21i(r) (rr)es + 2 oi(rr)i (r)as

+ 2 () ()s(rms + 2B ) (s + o (rr)i(rr)es

— 1 (rDi(rr)sps — io(r)(rr)sps + 2egi(rr) 1 (12 (r)a(rr)s

— C1g(r) L (112 (r1)g(r1)z — €1i(r)a (12 (rr)s(r7)7 + el (7)1 (17)2 (r1)5 (176
Hi(T) () (17)s(11)es — irm)a ()2 (rr)s(1m)7s + 180 (1)1 ()2 (r1)s (17)sp
+ () ()2 (s (r)ep)

az1 = (4G )7 — 28011 — PEr)1)s + 22 (r)a (1) — e1()s(rm)y

+IIT)s(rr); + i (r)s(r7)y — G (rT)L(TT)7 + €180 ()1 (177 + (T ()5
+e1imm) () — i (TT)s — ko ()1 (T)7 + i (1)1 (77)s — Eio (T (1) 7
+ilo(rm)s ()7 + L (r)s(M)yp — a1 (1)1(M)ss + e (11 (1175 — lo(r)s (1) 9P
— Urr) 1 (r7)5S + fo(1)1 (17)5S + L(rr) (1) 78 — Lo(r7) (1778 + 2612 (1)1 (774
— 220 (T (s + 28 k01 (s + B (rT)s — Pla(r)u(rr)s

+ eI (ISP — B )L (r)sp + Culip(Fr)a (rr)s — 2otio ()1 (11)s

—c1e0 T (T)sp — i (msp + obo ()1 (M)sp + io (T2 ()5 (776

— iip (1), (1) (117 + Lo (1), (PSP /(M (T)ss” — (ri(rr),s”

+ ()25 ()7 + € ()1 ()2 (1) + €1 ()2 ()6 (177 — eo (1)1 ()2 ()5
+eo(rmh (s — i ()2 (rr)s + LT Or)2(rr)s + ) (rr)s ()7
F2iET)2(m)a(rr)y — )1 (m)2(r)ss + ()L ()2 (1M)zs + (ra (r)s(r)y s
+e3(r) 1 ()2 (rr)s + € (13 ()5 (1) — € (r)E (s (rr);

— 2@ ) (s + (I ET)5s + 282 (), ()4 ()7 + o (rI (1 )ss
+IUrDiEr)ss + G (rr)I(T), s + 22 (rr)ss — €100(r) 1 (17)2(17)s

+e1e0 ()7 +261i0mM ) 20m)a — i) (Er)2(1m)s

+ 1l ()1 ()2 ()6 + 1 iGT) L (r)s(TT)7 — 280l (17)2(rr).

+2eoi(rr)1 (17)a(r7)7 + 2idg(rr)1 (1) (17)4 + L)1 (176 (1) 7S

— @) (r)gps + 61eo(i(rm)es + 261 (res +2 eoi(rr)I(rr)ys

+ () ()2 ()5 (e + 28 (T ()2 (r)a(rr)s + Ho UTI(rr)es
—e1@EiEIsps — WETIETIsps +2 el ()1 M) 2()a (s

— €180 ()1 T)2(r)s (177 — €1 i) ()2 ()6 (1T)7 + eol(rma ()2 (M) s (11
+ 1) (17)2 (1) 5 (17) 68 — U(rr) 1 (1) 2 (1) (1775 + €180 (r1)1 (1) 2 (17)5 (7).
+e1imr) (@) (s p)

.ﬂzz = ({r)a(er(rm)is + is(rr)is + (rr)a(rr)ss — €1ea(rr)1 (7)2(77)s — C2i(rT)1(Tr)2(1T)s)

+ (e, — ) ((rr)a(rr); + eo(rr)is +i(m)is + () ()2 — eo()1 ()2
+eg ()1 (1m)y — i)y (1) + 10T (177 + Lo (r) (1) + ()1 (rr)a (1)
+ i) ()2 (me)) / ()i rr)ss? — (rri(rr)ss® + (rr)a(rm)s )y

+ 1 ()1 (rr)a(rr)s + ca(rr)z (rr)s(rr)y — eo (r)1 ()2 (rr)s

+ e () (rm)s ()7 — iy (1)2 (s + 1)L ()5 ()7 +210m)2 (7)o (r1)7
+ i (), ()2 (rm)s — (rr)y () (rr)ss + (rr)y (1) o () s + ()1 (r7)s(r7)ss
+ i) (rr)2(rms + (i s — et (s (rr);

=22 (r)a (rr)a(rr)s + e (T (r)ss + 22 (rr)a (rr)y + eo(rr)i (rr)ss
+i(rr)i(rm)ss + ig(rr)(rrlys +285 () (m)ss — creg () (rr)a (7

+ c1eg(rra(rm)e(rm)y + 20 (rm) ()2 (rm)s — (T ()2 (s

+ cai(rr)a(rm)s(rr)s + €1io ()1 (rr)2 (1) — 2e0i (rr)a (rr)2 (174

+ 2epi(rr) (17)a(17)7 + 21 (r1)1 (r1)2 (17)s + (7)1 (17)s (1) 78

= () (rm)s(rr)5ps + €18a ()i (r1)es + 2611 (rr)es + 2 egi(rrf (rr)as
+E @) (), ()s(r)s + 28°(rr), ()2 ()4 (1) + il () (s

— 1 (M (rr)sps — ip(r)i(rr)sps + 2 egi® (1), (rr)a (1) 4 (11

- fleu(ﬂ)l(ﬂ)z(ﬂ)s(ﬂﬁ - el ()2 (rm)s(m)7 + el ()1 ()2 (r)s(17)s
+i(rm) (1), ()5 (rr)es — W(rm) o ()2 (r7)6(77)55 + €180 (), (7)1 ()5 (1) 6P
+ cai(rr)a(rr)z (rr)s(rr)ep)

azs =(i(rr)sEIT )y + eg (7)1 (r1)s + i)y (r1)s + (1) (r)ss — (1)1 (rr)zs
+ c1e0(r)1(1m)e + Cri(r (rr)s +2e0i (7)1 (17)a) — (r)a(eL — ) ()2 ()7
= (r1)a(r)s +ETH (s +eorrI(rr)s + ()i (rr)s + eoi(rm)1 (1m)s
—eo ()i (rm)sp — i ()sp) / (i a)ss” — ()i,
+(rr)a(r)s(rr)z + ()i (rm2(rm)s + )z (rms(rr)y — eo(rri ()2 (rr)s
+ e (), (s (rm)7i(rm) ()2 ()5 + ()1 ()5 ()7 + 2102 (1) ()7
+ig ()1 (1) ()5 — ()L ()2 ()58 + () a ()2 (rm)zs +(rr)u(rr)s(rr)zs
+ ()1 (rr)a(m)s + 1 (T Em)s()s — o (3 (s
— 222 (r ()2 ()s + e (ri(rmgs + 22 (), (rr)a ()7 + eg(rri(rr)ss
+i(r)i(mIss + io(rr)E(rr)zs + 220 (rr)es — 180 ()1 ()2 ()
+c120(rm) (17 (117 +2002(rm) (1) (1) — €00y ()5 (g
+ c1i(rr)1(rr)s(rr)7 + cado (rr)1(rr)z (rr)s — 2e0i (rr) 1 (rr)z (rr)a
+ 2e01(rr) (rr)a(rr)7 + 20k (rr) (rr)2(rr) +1(rr) 1 (17)s (1) 78
— ()1 (rm)s(rr)sps + e1e0(rr)i(rr)es +2e4i(rr) (r)es + 2e0i(rr) (r)es
+ ) () ()5 (s + 205 (rr)2(rr)a(rr)s + Ho ()i (rr)ss
— eu(rr)i(rrsps — in("r)i(rr)sl?i +2e () (rr)a(rm)a(rr)s
= ey (1) (m)a (1) (r7)s — cqd(rr)y (1o (rr)s(rr); + &l (), () (rr)s ()
+ i)y () (rr)s(17)es — i) (rm)a(r)e(r7)zs + creo(rr)(rr)2(rr)s (rr)sp
+ cyi(rr) (rr)z(rr)s(rm)ep)

The basic reproduction number is defined to be the
spectral radius which is the magnitude of the largest
eigenvalue of the matrix K.

So, Spectral Radius A =

|(—= (ca(rmh + b)) ((r7)2(rr)s + c1(r)2(rm)s + 2i(r7)2(r7)s + (17)1(r7)7s + i(rr)1(17)68
= (r1)1) = (s (P () + eo(rr)(rr)s + i) (rm)s + () (s
— () (rr)rs + creg(rr)y (s + €i(rr), (1)
+2e0i(rr)1 (M) /(i (r)ss® — (i) + () (s (1)
+ () (rm)2(rr)s + c(rr)2(rm)e(rr)7 — eo(rm)1 (rr)a(rr)s
+eo(rn) ()5 (rm)y — i(rr)a ()2 (rr)s + ) o (rr)s(rm)7 + 200 )2(rr)s ()7
+ig(rr) (rr)a(rr)s — (1)1 () o (r)ss + (rr)y (rr)a (rr)ps + (1), ()5 (rr)y s
+ i ()2 (1) + e (rr3(r)s(rm)s — e ()i (rs(rm)s
— 2201 ()2 + 1 ()i ()3 + 2201 (r)a(rr)7 + e ()i (rr)ss
+i(rmi(rr)ss + io(rr)i(rr)ys +22(rr)(rr)as — crep(rra(rr)a(rr)s
+ 18 ()1 (s ()7 +2C1i(rm) (rr)2(1r)a — c1i(r)1 ()2 (rr)e
+ i (s )y + 1 io (1)1 (rm)2(rm)s — 2e0i(rr)1 ()2 (17)a
+2egi(rm), 1)y (rr)y + 28 (7)1 (1) (17) 4 + 8071 (775 (17) 78
— ()L (s rr)zps + 1o (rrgs + 2c4i(rm)i(r)es +2ei(rm)i(m)ss
+ P ()2 (rmsm)s + 285y (o) (rr)e& + o ()i (r)es
= ey (r)i(rmsps — iy (rr) (rmsps +2eqi” ()1 (1) (), (s
— €18 (rr)a ()2 (r)s(rr)7 — et (rr) (1) (rr)s(rr) &
+eol(rr)y () (rr)s (1) + 1)y (1) o (r1)s(rm)ss — i)y (1) o (1) (11)s
+ €18 ()1 (i) ()5 (r)sp + i (rrh (rr)2 (rm)s (rm)ep)|

Therefore, Ry =

[(= (ea(rm)y +io () ((rm)2(rr)s + €1 ()2 (g + 2i(r)2(rm)s + (rr)1(rm)7s + () o (1r)es
= (1)1) — (r)sEEDL (s + () (175 + i)y ()5 + (1) (11)ss
= () (rr)zs + creg(rm)y (rr)s + c1d(rm) 1 (rr)s
+2e0i(r)1 (D)) /()i )ss® — (i) s + ()2 (m)s(rr)y
+ e (rr)(17)2(17)s + €1 (r1)2(17)6(r7)7 — o (1)1 ()2 (17)s
+eo(r)y ()5 ()7 — W) (12 (rr)s + drr)a(rr)s(r1); + 2i(rm)2(rr)a )z
+ig(rr)y (1) (r1)s — (rr)y ()2 ()55 + () ()2 (177 s + () ()5 (1)
+ s + ()3 n)s(m)s — ca(rr)i@m)s(r);
— 2L )2 + 1 ()L ) es + 22 ()L (r)a(rr)7 + e ()i (rr)ss
FiEI)ss + i (Mi(m)rs + 2201 (m)as — crea(r)a(rm)a(r)s
+ €18(rr)o (1) ()7 +2ai(rm)a (r)a(rr)y — cai(rr)a ()2 (r7)s
+ eal(rr)o(rr)s (17)7 + enig (1)1 (17)2 (1) — 2e0i(rm)1 (r7)a(1r)s
+2ei(rr)y (r)y ()7 + 22l (1), ()2 (1) g + () ()6 (17)55
— (P ()5 (rrsps + €18 (I (rr)es + 26,1 ()T (r1)gs +2 i (rr)(rm)es
+ ), )y (1) (1) + 28 () (1) (1), (r1)e& + ip (1) (r7)6s
= e (rE(rm)sps — ig(rr)i(rm)sps +2 eyt ()1 (rr)a (s (s
—C18o ("’")1(”’);; (rr)s(rm)z - c1i(rr) ()2 (rr)e (177 &
+eqi(rr)y () ()5 (1) + 1) ()2 (15 (r)es — i)y (1) (1) (17) 55
+ 1) ()2 (s (rr)ep + i) ()2 (s () ep)|

Consequently, for all possible positive parametric
values, the basic Reproduction number (R,) of our
system of differential equation is less than 1. Hence
the system is asymptotically Stable.
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Boundedness / Existence of solution

Theorem: Let D S R X R"e a closed rectangle
with (to, Yoy € D. Letf:D — R™ be a function that is
continuous in t and Lipchitz Continuous in y. Then,
there exists some & > Qsuch that the initial value
problem y'(t) = f(£,y(®)),y(to) = ¥o.= has a
unique solutiony(t)on the interval [ty — &ty + &].

The mathematical model of our system is well-
posed. Picard’s theorem states that its unique solution
exist and is constantly dependent on the initial data.
Because we are dealing with the human population,
we must guarantee that our solutions are positive
and bound”.

Equilibrium Point and their existence:

Solving the algebraic equations(6a) (6b) and (6¢),
ds

== —(r)is(eg —ig+i—cy) + (1r)cqy ... (62)
Zz —(rr),ileg —ig+i—cy) + (rr)s(s +pcy +ip —

— 1) — (11)gicy + (rr)7(So —s —¢; — p) .. (6b)
= (rs(eg — i +i— ) = ((m)p + ()3 +
(rr)ei)cy + (rr)7(sg —s — ¢ — p) ... (6¢)

The equilibrium points of System are defined to be:

There are four equilibrium points E;(s, i, ¢;) as:
1. E ( (rr)acy 7(r1)2(p=S0)+s(7+5(m)1—=(r1)2) 7(rr)1(p—so) )
° 1\ )1 (eg—ig+i—cq)’ —65(17), " (rr)p=7-12(rr)1—6i(rr) /"

2. E, (0,

under the condition, s, = p .

=((rr)s=(rr)alio— eo))+J((W)s (r)4(io=e0))2=4(rr)4 ()5 (i0=P))

(rr)aci+(rm)s

0) exists

(rr )z(”)7(s s-»p)
(rr € —iy +1i) ((rr) +(rr), +(r7), z+(rr)7),
(rr), (s + pe, +iy — SU)+(lr) (sy=s—¢,—p)
(rr) (60 10 +i— (,] +Ll(rr) (l}")s
(rr), (e =iy + 1)+ (rr), (s, =5 — p)

(rr), s+ (rr), +(rr), + (1) i + (1),

3. E

4. E,(s*,i% c*)where,

sT=(- Z(Tr)mﬂzcl)/( 2(rm) A (g —eg+¢y) —
+ (rr)gcy + (1)
EV(((T)aleo = ip — ¢1) + (11)6cy + (17)5)?
+407), ((rr)s (s + pey + i — 50)) + (r1)7 (So
—s—¢ —p)))

[(r)a (€0 —ig— 1)

"= ()4 (eg—lg—¢c1) + (rr)ecy + (r1)s
+ V(e — io — ¢1) + ()ecy + (r7)5)?
+401)y ((rr)s (s +pey +ip — 50)) + (1) (S0
—s—c—p))/(—2(r7)y)

. _ 7(p — o)
(rr), — (12 + 6i) —

[ 7(rr),
(rr)1(eg—ig+i—cy)

Stability analysis

The local/global stability behaviour of equilibrium
points is determined by eigenvalues of corresponding
Jacobian Matrix***".

Theorem: The equilibrium point is asymptotically
stable if all the Eigenvalues of an X n matrix must
be negative, provided they are real.

Theorem: The equilibrium point is asymptotically
stable if the real part of each complex Eigenvalues of
an Xn matrix is negative.

The general Jacobian Matrix M for our model (7a)
(7b) and (7¢) is given as:

), (q—iy+i—q) —m),s ()5 +(m)
M= (W)5 7(”)7 72(}’7)41’7(}’7 5 7(”)@"! ((rr)4 —(rr)ﬁ)[-+—(rr)5/7—(rr)7
()@= +i=q)=(m), ()5 =(m)qe (), s+ (), + (), + () i+ (7))

Let M; . Where i =1,2,3&4 be the matrix
evaluated at the equilibrium point E;where i = 1,2, 3
& 4.

Then the matrix M; evaluated at the equilibrium E;
is represented as follows:

My
(rr)s+ (),
(()s = (M)e)i + (rr)sp = (r7);
—(Oras + ()2 + ()3 + ()6l + (17)7),

(rr)s — (), —2(rr)4i = (11)s — (1M)6C1
(rr)i(eg —ip +i—c) = (), (rr)ss — (1)scy

[ =(mileg—ig+i=c) =(m)s

Where;

=< (rr)zcq ) i
(r)i(eo —ig+i—cy)/’
_ 7(rr),(p —so) +s(7+501); —

—6s(rr),

(rr),)

,and

7(rr)1(p = so)
(rr), =7 —=12(rr), — 6i(rr),

C1 =

Since, the matrix M; has negative eigen values
hence, E;is a stable equilibrium point.
Now, M, be the matrix evaluated at the equilibrium
E, is symbolized as follows:
—(m)i(eg —io + 1) =)y

M, = )5 = (rr); =2(1m)al = ()5 — (s
(eo =i+ = (7)7 )1 = (m)s

@)+ ()2
((rr)s = (rr)e)i+ (rr)sp — (17)7
=(r)ys + )z + ()5 + ()6l + (17)7),

Where;

=((r)s = (Tr)4(lo*eo))+\/((rr)s (r)a(io — €0))? = 4(r)4((m)s (o — p))
(rr)acy + (rr)s

As the matrix M, contributes the negative eigen

values under the condition:sy =p, E, is a stable

equilibrium point.

i=
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Again, the matrix M5 calculated at the equilibrium
E is characterized as follows:

(), (e =i, +i—q)
M= (7‘}")5 —(}'7‘)7 _Z(W) i

4

(m) (g =i +i=g)=(m), () s=(m)q
(VV)] S + (rr)z
((rr), = (), )i+ (rr)gp = (),
—((rr), s + (rr), + (rr), + (r7), i + (r7),)
Where;

g = (rr)(17)7(so —5 — )
(rr)1(eg —ip + i )((r), + (rr)3 + ()6l + (17)7)
i = (rr)s(s + pey +ig — So) + (11)7(So — 5 — ¢, — p) and
(rr)aleo —ig +i—c) + (1) + (115
((Tr)ls(eo —ig+ i)+ (1)(s9—s— P)>
(r)1s+(r), + (rr)s + ()i + (17),

1=

Since, the matrix M5 contributes negative Eigen
values, E; is a stable equilibrium point.

Similarly, the matrix M, calculated at the
equilibrium E, is characterized as follows:

—(VI’)I N

—2(rr)4 i— (rr)5 - (rr)6 ¢

(I’I")IS—(}"I’)6C]

—(rr)I (e0 =1, +i—cl)
M=l ()= (m),

(rr)1 (e(J =i, +i—¢ ) - (rr)7

(rr)l S+(f"r)2
((rr)4 —(rr)é)i+(rr)5p—(rr)7 -

—~((rr), s+ (rr), + (), + (1), i +(r7),)

ST = (=2(r1)412¢1) /(—2(r71)4 (ig — €g + ¢1) — [(77)4 (€0 — ig
—¢ )+ (1) + (115
t \/(((rr)4(eo —ip—c) + (r)gcy
+ (1)) + 404 ()5 (s +pey + o
—5S0))+ ()7 (So—s—c1—Dp)))

= ((r)s(eg—lg—¢y) + (rr)ecy + ()5
+ V(((rr)aley — ip — €1) + (1T)6cy + (17)5)?
+401), ((r)s (s +pey +ip —50)) + (177 (So
—s—c—p)))/(=2(1)s)

_ 7(p — s0)
C =
(1) = (12 + 61) — [ 22

(rm)1(eo—ig+i—cy).
Since, the matrix M, contributes negative Eigen
values, E, is a stable equilibrium point.

Sensitive analysis

On considering the initial conditions to be equal for
all quantities. (as e(0) = s(0) = i(0) = 1mg.) The
corresponding parametric values can be measured one
by one keeping any one of them fixed. As we keep

particular parameter fixed, total 720 different
possibilities of other parameters could be analyzed as
per their time consumption which is possible for all
seven parameters and hence total five thousand and
forty cases do exist. These cases can be analyzed to
understand the mechanism of variables and conclude
the pattern or ranges of the parameters for optimal
results. Analysis of the parameters in our study states
that value of parameter (1) shall be maximized, this
can be proved from the equation of product which is
directly integrable. It is also analyzed that the value of
parameters (r7)4, (r7), and (rr)e shall be keep
smaller as compared to the others. It is to be noted
that values of parameters (r7)4to (rr); must be
optimized for ideal product formation. we conclude
that under the assumption (r7), < (17)5 < (17)g <
(rr)4 < (rr)3 < (1)1 < (r7), time consumption is
minimum whereas it is maximum in (17); < (rr); <
() <) < (r)s <(Or)ye <(r), . It is
important to look that taking any parametric values to
be non — positive, it results to the failure. Hence
system is stable for positive values only.

Results and Discussion
As the minimum time consumption for product
formation is under the assumption (r7), < (r1)s <
(rm)e < (11)4 < (17)3 < (17), < (17)5, keeping the
parameters to be fixed at (rr); =0.8,(7r), =
0.3,(rm)3 =0.7,(rr)4 = 0.6, (11)5 = 0.4, (1) =
0.5, (rr); = 0.9. The rate of change of reaction for
enzyme-substrate in presence of Un-Competitive
inhibitor for this hypothesis is studied as follows:
Case-I: The initial concentration of enzyme is less
than inhibitor is less than that of substrate (e(0) =
0.8mg,i(0) = 1 mgands(0) = 1.2mg)(Fig. 1a).
Case-1I: The initial concentration of enzyme is less
than substrate is less than that of inhibitor (e(0) =
0.8 mg,s(0) = 1 mg and i(0) = 1.2 mg)(Fig. 1b).
Case-III: The initial concentration of substrate is
less than inhibitor is less than that of enzyme (s(0) =
0.8 mg,i(0) = 1 mg and e(0) = 1.2 mg)(Fig. 1¢).
Case-1V: The initial concentration of inhibitor is
less than substrate is less than that of enzyme
(i(0) = 0.8 mg,s(0) = 1 mg and e(0) = 1.2 mg)(Fig. 1d)
Case-V: The initial concentration of inhibitor is less
than enzyme is less than that of substrate (i(0) =
0.8 mg,e(0) = 1 mg and s(0) = 1.2 mg) (Fig. l¢)
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Fig. 1 — Time — Concentration relation for (2) e(0) < i(0) < s(0); (b) e(0) < s(0) < i(0); (c) s(0) < i(0) < e(0); (d)i(0) < s(0) <
e(0); () i(0) < e(0) < s(0); () s(0) < e(0) < i(0); and (g) e(0) = i(0) = s(0)

Case-VI: The initial concentration of substrate is
less than enzyme is less than that of inhibitor
(s(0) =0.8mg,e(0) =1mg and i(0) =
1.2 mg)(Fig. 1)

Case-VII: The initial concentration of all enzyme,
Inhibitor and substrate is taken to be equal (e(0) =
s(0) = i(0) = 1 mg)(Fig. 1g)

It is noted that, while compelling all the possible ratios
of concentration of substrate, enzyme and inhibitor with
fixed parametric values respectively, the timing of
product formation does vary. Which states that even after
keeping the parametric values constant, a slight variation
in concentration of any of the three variables leads to
dynamic change in ideal product formation.

Conclusion

This study reveals that experimentally observed
enzyme-substrate relationships under the influence of
uncompetitive inhibitors align with theoretical
calculations. The computed reproduction numberof -
0.4 serves as a threshold value for optimal product
formation, reinforcing the predictive accuracy of
mathematical modeling in biochemical processes.
Stability analysis confirms that variations in rate
constants significantly affect the time required for

product formation, demonstrating the sensitivity of
enzymatic reactions to environmental fluctuations.

The findings emphasize that enzyme concentration
must be lower than substrate and inhibitor levels for
ideal product formation, while substrate and inhibitor
concentrations may be equal or slightly elevated.
Conversely, excess enzyme concentration prolongs
the reaction time, which has direct implications for
drug design and metabolic regulation. These insights
contribute to medical biotechnology, particularly in
optimizing enzyme-based therapeutic formulations
and pharmacokinetics.

From a bioinformatics perspective, the derived
model and parametric evaluations provide a
foundation for computational simulations of enzyme-
inhibitor interactions, assisting in predictive analytics
for drug efficacy and biochemical stability. The
restrictions outlined for initial conditions could be
integrated into machine-learning models for designing
enzyme-targeted pharmaceuticals with enhanced
efficiency. This analytical framework advances
enzyme-based drug development, ensuring precision
in therapeutic interventions and biotechnological
innovations.
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